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Aims of the course

The course aims to provide students with important skills, which are of both academic and
voceationd vaue, being an essential part of the intellectual training of an economist and aso useful for
acareer. In particular the course aims to equip students with the following competence.

(2) Understanding the nature of uncertainty and methods of dealing with it.

(2) An awareness of the empirical approach to economics.

(3) Experiencein the analysis and use of empirica datain economics.

Teaching method and cour se organisation and textbook
There will be two hours of lecture each week and these lectures will be supplemented by a
weekly small group tutoria classes which will go through weekly exercise sheets. On the EC124
website there is available a series videos which go through step-by-step some questions which are
linked to the more theoreticad material taught in the lectures and these are covering the topics
according to the lecture handouts. In addition, there are also a series of videos which go through the
exam papers for a number of the past years as well as example questions for each of the main topics
(see Revison Videos section). There is also series of on-line multiple choice type questions (split
according to tutorial work), in which you should test your knowledge (see Problem Sets section).
The recommended textbook is:
Peck, R. (2013), Satistics: Learning from Data, Cengage
There are plenty of textbooks around for a 1% year statistics module for business or economics
students. In general, these books are aimed at students taking a dlightly more basic statistics module
than this one, however, they are generdly well written and have plenty of example exercises in them.
Two worthy of a mention are:
Newbold, P. and Carlson, W. L., Thorne, B (2012), Statistics for Business and Economics (8" edition),
Pearson.
Anderson, D. R., Sweeney, D. J., Williams, T. A., Freeman, J. and Shoesmith, E., (2010), Statistics for

Business and Economics, (2" edition). Thomson, South-Western.

Tutorial classes
There are weekly tutorial classes. Exercise sheets are al handed out in lecture 1. Exercise sheet
questions will be covered in the tutorid class on the Tuesday, but you must look over these questions

prior to walking into your class.

Assessment

Assessment will be by examination and coursework. The examination component will
comprise two short tests of 50 minutes and a one ahalf hour exam in June. This module is worth 40%
of your overal mark towards the 1% year composite module Quantitative Techniques (EC120). A
further 40% will come from the module Mathematical Techniques A (EC121) or B (EC123) and the
remaining 20% will come from the module Computer and Data Analysis (EC125). The 40% for this
module is accounted for by the June exam (worth 30%) and two tests worth 5% each (10% in total).

The June exam isa 1.5 hour exam (plus 15 minutes reading time).

Calculators
The University policy only alows non-programmable caculators in examinations of the form given to
you at the start of the academic year.

Examination Syllabus

The list of topic below is definitive of the examination syllabus. The scheduling however is
tentative and it may be necessary to cover different topics in different weeks. Students should regard
thislist asaguideto their reading.
Timetablefor tests
Test 1 Thursday (6-7pm) 25™ February.
Test 2 Thursday (6-7pm) 5" May.

These tests are multiple choice question tests and will be marked eectronically (a sample of the
answer sheet which you will have to use to do the test is attached). The tests will be 5 marks for a
correct answer and minus 1 for an incorrect answer. Y ou will need to take with you to the tests:

(i) Statistical tables,
(ii) Cdculator,
(iii)2 sides of A4, with any notes you want.*

L In the June exam for this module you will be provided with the statistical tables and you will be provided with a
formula sheet (you cannot take in your own sheet of notes).



STATISTICAL TECHNIQUESB: Lecturematerial

Topics Peck Newbold | Anderson

(Ch) (Ch) (Ch)

Basic descriptive statistics: measures of central tendency, 1,23 1,2 1,23

measures of dispersion, covariance and correlation

Probability: An introduction to the idea of probability using 5 3 4

Venn diagrams and basic set theory. Introduce the basic

concept of probability and some rules of probability,

conditional and marginal probakility and Bayes Theorem.

Discrete and continuous distributions: Single variable 6 4,5 56

density functions. Methods for calculating means, variances.

Specid distributions: Binomial, Poisson, Uniform, Normal, 6 4,5 6

Chi-sguared, F- and t- distributions.

Joint probability density functions: Bivariate distributions, 8 4,5 56

margina and conditional distributions, independence.

Central Limit Theorem and Point Estimation. 12 6 7

Hypothesis Testing: for single sample means and the| 10,12 9 9,10

difference in sample means.

Hypothesis Testing (cont’d): for sample variances and the| 11,13 10 9,10,11

power of atest.

Confidence Intervals. for single sample means and the 12 7,8 8

differencein sample means aswell asfor sample variances.

Non-parametric tests: Sign Test, Mann-Whitney Test, 15 14 12,19

Goodness-of-Fit Tests, Contingency Tables.
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EC124: STATISTICAL TECHNIQUESB
Descriptive Statistics

1. Introduction

Statistics are numerical facts or figures. Therefore statistics as a science
essentially deal with numbers. It is generally taken to include the systematic collection,
classification and analysis and synthesis of the important features of a large body of
numerical information. The objective being to make sense of the data by summarising it
in such away that areadily understood picture emerges while little of importance is lost,
and the information is presented without misleading or misrepresenting it. The actual
methods adopted will depend on the nature of the numerical information and how it isto
be used.

Statistics is the science of uncertainty, we deal with what could be, what might be,
or what probably is. We will therefore be introducing procedures for attacking problems
where the conclusion will necessarily be uncertain. This will involve introducing the
concept of probability.

The subject of statistics can usefully be divided into two parts; descriptive
statistics and inferential dtatistics. Descriptive statistics are used to summarise
information which would otherwise be too complex to take in, by use of numerical and
graphical techniques. Inferential statistics concerns the relationship between a sample of
data and the population from which it is drawn. It asks what inferences can be drawn
about the population from the sample, where we assume the population parameter of
interest is a constant (even though it is unknown). Clearly it is not possible to learn
anything about the population precisely from the sample statistic, as some uncertainty
remains and learning about uncertainty will form an integral part of this module.

Population - refersto all elements of interest who have the characteristic in which
you are interested (size=N). For example, suppose we are interested in the outcome of a
vote to join the EMS. In this case the population is all individuals in the UK eligible to
vote in areferendum — the issue here being who will be 18 years and older at the time of
the referendum. Alternatively, suppose one is interested in the average weekly salary of
females in full-time employment in the UK. The population is all females who arein paid
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employment. However, there is an issue of what we mean by full-time employment, as
there is arelatively large black-economy which is undetectable. In addition, how do we
deal with over-time payment?

Sample — a subset (hopefully random, and therefore representative, using computer
generated random numbers) of the population (size=n). One takes a sample because it is
prohibitively expensive (either in time or financial terms) to interview the whole
population, in order to make a statement about the population.

1.1 Types of economic data

Time Series — Macroeconomists and financial economists are interested in things such as
Gross Domestic Product (GDP), Unemployment, Inflation, Interest Rates, Exchange
Rates and Stock Prices etc and data such as these is often collected at specific points in
time and are observed at different frequencies. Common frequencies are: annually, (once
ayear), quarterly (four times a year), monthly (twelve times a year), weekly (52 times a
year). Time series data are often presented in chronological order.

Cross-sectional — Researchers often work with data that is characterised by individual
units, such as: people, companies or countries. With cross-sectional data, the ordering of
the data typically does not matter (unlike for time series data).

1.2 Graphical representation of data

One important way of representing/summarizing data is to use charts and tables.
There are many different types of plots (bar charts, pie charts, scatter plots etc). Since
most economic data is either time series or cross-sectional, we will briefly illustrate plots
for both of these.
Time series graphs— As many data sets may contain a great many observations on some
variable X, it is difficult to gauge much information from the raw data. A simple way of
presenting the data might be as a time series graph, which plots the variable of interest
(on the vertical axis) against time (on the horizontal axis). Figure 1a, is a time series
graph of annualised GDP growth for the UK using quarterly observations over the period
from 1990-2013 and captures the main features of the series, which are the 2 recessions
(early 1990s - associated with the collapse in the housing market and 2008 from the
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financial crisis) and the relative prosperity of the UK economy since the early 1990s (for
which Gordon Brown wanted to take the credit). Figure 1b is a time series plot of
annualised inflation for the UK using quarterly observations over the period from 1990-
2013 and captures the main features of the series, which are the relatively high inflation
rates in the early 1900s associated with the defending the £ and the relative stability and
low inflation since the mid-1990s and the Independence of the Central Bank followed by
the more recent turmoil associated with the financia crisis.

Cross-sectional — Plots of the nature of Figures 1a or 1b are often inappropriate for
cross-sectional data (see Figure 1c). Again it is the case that the data sets may contain a
great many observations on some variable X, and it is difficult to gauge much information
from simply staring at the raw numbers. The first step in an attempt to understand data
may involve creating a FREQUENCY TABLE. This is done by counting the number of
times, that is, the frequency (fi), the each value of X, denoted xi (where x, denote the first

observation, x, denote the second observation and so on) occurs and then present the

resultsin tabular form.
Table1: Frequency table for the discrete random variable X
Value  |Freguency

X1 f1
X2 fz
X3 f3
Xk fi

k
Tota |2 fi=n

A graph of these frequencies against xi is called a frequency density function (or a bar
chart/histogram) - these graphs give a pictorial representation of the distribution of the
variable X.

However, our instinct isto think in terms of the proportion of observationsin each
class. It seems more desirable that these proportions, or relative frequencies (pi=fi/n), be
shown. The relative frequencies are constructed by dividing the frequencies (fi) by the
total number of observationsin the sample (n). In addition, we often want to consider the
proportion of observations that are either in that one or one of the earlier classes. These
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proportions are called cumulative relative frequencies, and are obtained by adding the
relative frequency for the class to the cumulative relative frequency of the previous class.
The interpretation of these quantities is straightforward. Fj is the proportion of
observations less than of equal to x;.

A plot of the relative frequencies (or frequency probabilities) against the values of
X is called the probability density (mass) function (PDF). A plot of the cumulative
relative frequencies against x; is called the cumulative distribution function (CDF).

Table 2: Relative freq and cumulative relative freq for X

Vaue |Freg. Rel. Freg Cumulative Relative Freguency
X1 f1 p1:f1/ n Fi=f1/n

X2 f2 pa=faln  Fo=(f1+f2)/n

X3 f3 ps=fain  Fs=(fi+f2+f3)/in

Xk fi pe=fidn Fi= Z; fiIn=1

Total n 1

Consider the following example, in which we have information on the age left
education (X) for a sample of 106 working males and 154 working females.
Table3a: Maes

15 15 15 15 15 15 15 15 15 16 16 16 16 16 16 16 16
16 16 16 16 16 16 16 16 16 16 16 16 16 16 16 16 16
16 16 16 16 16 16 16 16 16 16 16 16 16 16 16 16 17
17 17 17 17 17 17 17 18 18 18 18 18 18 18 18 18 18
19 19 19 19 19 20 21 21 21 21 21 21 21 22 22 22 22
23 23 23 23 23 23 23 23 24 24 24 24 24 25 25 25 25
26 26 27 27

15 15 15 15 15 15 15 15 15 15 16 16 16 16 16 16 16
16 16 16 16 16 16 16 16 16 16 16 16 16 16 16 16 16
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From this collection of 106 numbers for males and 154 for femalesiit is difficult to gauge

much information. We present this data more concisely as a FREQUENCY TABLE, by

counting the number of times, that is, the frequency, an individual left school at age=15 at

age=186, etc and then present the results in tabular form (compare this table with Table 3)
Table 4: Relative freg and cumulative relative freq for leaving school

Males Females

Age fi pi Fi fi pi Fi
15 9 0.085 0.085 10 0.065 0.065
16 41 0.387 0.472 59 0.383 0.448
17 8 0.076 0.547 15 0.097 0.546
18 10 0.094 0.642 20 0.130 0.675
19 5 0.047 0.689 6 0.039 0.714
20 1 0.009 0.698 6 0.039 0.753
21 7 0.066 0.764 13 0.084 0.838
22 4 0.038 0.802 10 0.065 0.903
23 8 0.076 0.877 5 0.033 0.935
24 5 0.047 0.925 5 0.033 0.968
25 4 0.038 0.962 3 0.020 0.987
26 2 0.019 0.981 2 0.013 1.000
27 2 0.019 1.000 0 0.000 1.000

Total 106 1.000 154 1.000

Diagrammatically this can be represented as Figures 2a and 2b. These graphs give a
pictorial representation of the distribution of the number of jobs males and females had.
Unfortunately, the two distributions are not directly comparable as the number of males
and females used in the sample are different. To compare two samples with different
numbers of observations, we might think of reporting relative and cumulative relative
frequencies (compare with Table 4).

From the table we observe that, 76.4% of the males had left school by the age of 21,
whereas 83.8% of females were in this position. Figure 3 plots the relative frequency for
males and females together. We can see from this figure that the most likely occurrenceis
for both males and females to leave school at 16 (these are the modal classes). However,

there is some chance that males leave school as late as 27 (0.019).
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2. Measures of central tendency

2.1 Arithmetic (simple) mean

N

2%
Population: E(X)=u= ':;\l

2%
Samplet: X ==L
n

Note: the sample mean is your estimate of the population mean. For rules on summation
see Appendix 1.
2.2 Median

Middle value of an ordered set of observations, for an odd number of observationsthisis:

Xy Xareeon X0t Xos(nan)
For an even number of observationsit is %

2.3Mode
Value which occurs most frequently from the set of observations the largest.

k
> fix

1 For grouped data this would be calculated as X = = , where there are k categories on the variable x
n

and fi represents the frequency of timesthat X occurs.
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3. Measures of spread (dispersion)

3.1 Variance
The variance expresses how spread out are a set of numbers and is constructed as the

average squared deviation around the mean.

> 05’

Population: V(X)=E(X -E(X))*=c%= N

> (x-%)?
Samplez & =124+
n-1
where n-1 are the degrees of freedomi.e. the number of observations of x; you can freely
choose.

3.2 Standard deviation

Population: ¢ =+o?

Sample: s= x/?
3.2.1 Tchebychev'srule
For any population with mean p and standard deviation o, at least 100(1-1/m?)% of the

population lie within m standard deviations around the mean, for m>1.

3.3 Coefficient of variation

This is a scaled standard deviation, to ensure the spread is comparable across variables

with very different means.

Population: g
u
S
Sample: =
X
£ 2
Z fi(x -X)
2 For grouped data this would be calculated as &= ':171 , where there are k categories on the
n —

variable x and fi represents the frequency of timesthat X occursand X is calculated asin footnote 1.
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3.4 M ean absolute deviation

N
% -

Population: MAD = HT

2% x|
Sample: MAD :':1T

3.5Range
This is the difference between the largest and smallest observations. Assuming the data

has been sorted by size, from smallest to largest: X, — X,
NOTE: This measure can clearly be severely affected by extreme points and does not
account for how the points are distributed.

3.6 Interquartilerange

Assuming the data has been sorted by size, from smallest to largest, this measures the
difference between the 25" and 75t percentile points: X, (.1 — %2511

NOTE: This measure is robust to extreme points as it discards the highest and lowest

points from the construction of the statistic.
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4. Other measures

4.1 Skewness (using freguencies)

In much applied work, only measures of central tendency and dispersion
(typically mean and standard deviation) are calculated. However, in some cases this
parsimony in reporting of summary statistics may be misleading. Skewness gives a
numerical measure of how asymmetric isadistribution. Thisis calculated as:

3 (% -%)°
Sample3 24— 3
A zero value implies a symmetric distribution (see Figure 5), a positive number implies a
distribution skewed to the right (positively skewed) (see Figure 6) and a negative number
implies a distribution skewed to the left (negatively skewed) (see Figure 7). The figures
also show the relationship between the three measures of central tendency when the
distribution is asymmetric.

4.2 Kurtosis (using freguencies)

Kurtosis gives ameasure of how many observations liein the tails of the distribution.

2 (x-%)°
Samplet: S————
ns
A value of three implies the distribution has the same proportion of observations in the
taills as a normal distribution. A value less than three implies the distribution is
platykurtic — meaning the distribution is flat-topped. A value greater than three implies

the distribution is leptokurtic — meaning the distribution is more peaked.

3 The grouped version of this skewness statistic can be calculated in a similar way to that outlined for the
sample variance in footnote 2.

4 The grouped version of this kurtosis statistic can be calculated in asimilar way to that outlined for the
sample variance in footnote 2.
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5. Continuous grouped data
The analysis of section 4 to data has assumed that the data was discrete in nature and had

only afinite number of possible outcomes. Alternatively, the data might be continuous in
nature, in which case we may be only have data on the number of occurrences in a given
range, for example, Table 5, presents data from a sample of n=833 born in 1958, who fall
into various interval ranges for birth weight.

Table5: Frequency table for a continuous random variable X (Birth weights)

Birth
weights freq
1.00-2.00 21
2.00-2.50 41
2.50-2.75 50
2.75-3.00 97
3.00-3.25 167
3.25-3.50 147
3.50-3.75 157
3.75-4.00 74
4.00-4.50 56
4.50-5.00 0
5.00-6.00 23
n= 833

A histogram plots the standardized frequencies against x;, such that the areas contained
by the bars being drawn proportional to the frequencies of the classes they represent. (A
bar chart has vertica bars of equa width, whose height is proportional to the
frequencies). We adopt a standardized width of say 0.25kg for the datain Table 5 above.
However, the first interval width has 21 babies born in the 1kg width between 1.0-2.0kg.
Assuming the baby’s births are equal spread over the interval we would expect 5.25
babies to have weights in the interval 1.0-1.25 and 5.25 babies to be in the interval 1.25-
1.5 etc. For the next group we have 41 babies born in the 0.5kg width between 2.0-2.5
and we would expect 20.5 babies to be born between 2.0-2.25kg and 20.5 between 2.25-
2.5kg. In a histogram it is the frequency in the standardized width one reports on the
vertical axis (see Figure 8).

In order to analyse this data it is necessary to establish a representative point for
each interval range, for instance we know that 21 outcomes were between 1.0 and 2.0.
However, we do not know where in this range the f> occurrences lie. In order to make

progress, some approximation is needed. Since the exact location is unknown, one

10
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obvious solution is to assume that the occurrences are evenly distributed across the class
interval, in which case we can assign to each occurrence in the class interval the mid-
point of that interval. The only complicated issue is the fact that the top class (and
possibly the bottom class) are often not closed and therefore the mid-point is unbounded.
In this case we determine a likely (reasonable) upper (lower) bound. If we do this we can
proceed to calculate the mean and variance as we did in the case for when the data was
discrete see section 4.1 when we had data on the number of different job held by both
males and females.

Table 6: Frequency table for the continuous random variable X using mid-points

Birth weights f X fx x?
1.00-2.00 21 1.500 31.500 47.25
2.00-2.50 41 2.250 92.250 207.5625
2.50-2.75 50 2.625 131.250 344.5313
2.75-3.00 97 2.875 278.875 801.7656
3.00-3.25 167 3.125 521.875 1630.859
3.25-3.50 147 3.375 496.125 1674.422
3.50-3.75 157 3.625 569.125 2063.078
3.75-4.00 74 3.875 286.75 1111.156
4.00-4.50 56 4.125 231.000 952.875
4.50-5.00 0 4.750 0.000 0.000
5.00-6.00 23 5.500 126.500 695.75
n= 833 26X= a7es25 2 fX'= 952025
X = 3.320 s= 0.648

where my=(xj-1+x)/2.

The mean and standard deviation can then be easily calculated as previously and the
modal group, which occurs most frequently is 3.0-3.25kg. The median group is that
which includes the 50t percentile, the 416t case based on a sample size of 833. For the

median sometimes people actual calculate the median point in the interval as:

416 376}

=L {%}c. In the example above F, = 3.25{ 0.25-3.32

where n is the number of observations, L is the lower boundary in that class in which the
0.5nth case falls, and c is width of that class, f. is the cumulative frequency up to the
lower point L and f is the number of observations in the median class. In general, we can
calculate any percentile point as

11
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jn
=
F=L+100__|c

f

such that the 25" percentileis

0.25n— f, }C

Fu=L+
25 |: f

12
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6. M easures of linear_association

In Economics and business we are interested in the relation between 2 or more random
variables, for example:

Advertising expenditure and sales revenue

Personal consumption and disposable income

Investment and interest rates

Earnings and schooling
while there are many ways in which these pairs of random variables might be related — a
linear relationship is often a useful first approximation.

6.1 Covariance
The association might be STRONG, when a scatter plot, of Y against X, will be tightly
clustered around a straight line, or weak with a scatter plot more widely dispersed about a
line. A plot of the datais a necessary preliminary to data analysis, but more sophisticated
techniques than a graphical inspection are often required.

The sample covariance between two random variables X and Y is defined as:

2 =R -Y) XXy -nRYy
i=1 _ =
n-1 n-1
the degrees of freedom are only n-1 as we actually only need to know the mean of x or y.

S,y =Cov(X,Y) =

The covariance measures the average cross product or x relative to its mean with y
relative to its mean. Consequently, if high (low) values of x - relative to its mean - are
associated with high (low) values of y - relative to its mean — then we get a high positive
covariance (see Figure 9). Conversely if high (low) values of x are associated with low
(high) values of y we get a negative covariance (see Figure 10). A zero covariance occurs
when there is no predominant association between the x and y values (see Figure 11).
NOTE: The covariance is a linear association between x and y values and would be

approximately zero for a quadratic association (see Figure 12).
6.2 Correlation

The covariance measure is not scale free and multiplying the x variable by 100
multiplies the covariance by 100.

13
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A scale free measureis acorrelation:
cov(X,Y)

pW:corr(X,Y)sp(X,Y):W
as

cov(aX,Y) _ acov(X,Y) _ acov(aX,Y) _
W@V Jav(xXV(Y) a VXV

p is a population parameter of association between the random variables X and V. In

corr(ax,Y) = corr(X,Y)

practice for a sample of n pairs of observations (x, y;)...(X,,y,) the estimated sample
correlation, r, is calculates as:

My :% where,

S =Y (- n-D, £ =3 (v - M0-D, X=3x /n ad y= 3y /n.

n
i=1

6.2.1 Properties of correlation

1 -1<p(X,Y)<1

2. p(X,Y) =-1= perfect negative association

3. p(X,Y) =1= perfect positive linear association
4. p(X,Y)=0= no linear association

5. As|p(X,Y)| increases = stronger association.

14
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Figure 1b: UK annualised inflation rate 1988-2013
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Figure 3: Distribution of age left education
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Figure 7: Negative skewed distribution
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Figure 11: Zero correlation between y and x
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Descriptive Statistics: Examples
1. Thefollowing list of numbers was the result of asking 30 people how many brothers and sisters they

had:

0] Find the mean, median and mode for this set of numbers.

(i) Find the standard deviation for this set of numbers.

(iii)  Assuming that each of the 30 people questioned were not related to each
other, calculate the average number of children in the 30 families.

(iv)  Calculate the standard deviation of the number of children in each family.

Answer
No. siblings Freg Cum. Freg.
0 7 7
1 10 17
2 9 26
3 2 28
4 1 29
5 1 30

(/) Mode=1, Median=1, ¥ x = 43, Mean=1.43

105-30x1.43°

(i) > x> =105, &’ = 214

(iii) No. of children=No. of siblingst+1, therefore Y = X +1, E(Y) = E(X)+1, mean=2.43

(iv) V(Y) =V (X), variance=2.14.

2. For thedatagiven in Table 8 on the number of jobs for the sample of males and
females, calculate (i) the sample mean, (ii) median, (iii) mode, (ii) the sample

variance
Answer
(i) XM = 1x13+2x15+3x 21+ 4x12+5x9+ 6x5+7x4+8x4+14x2 =£ _373
85 85
or

30
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XM =1x0.153+ 2% 0.176+3x 0.247 + 4% 0.141+ 5% 0.106 + 6 x 0.059 + 7 x 0.047 +
8x0.047+14x0.024 =3.73

o L13+2x7+3x17+4x23+5x21+6x15_365 _, o0
- 96 T

or
X" =1x0.135+ 2x0.073+ 3% 0.177 + 4x 0.240+ 5x 0.219+ 6x 0.156 = 3.80
(ii) medianM=3, medianF=4

(iii) modeM=3, moder=4

@iv)
s =

P x13+2° x15+ 3 x 21+ 4 x12+5° x 9+ 6° x5+ 7° x 4+ 8 x 4+14° x2 -85x 3.73°

84

2
_ 1703-85x3.73 ~6.20
84

or
&, =1 x0.153+2° x 0.176+ 3 x 0.247 + 4° x 0.141+ 5% x 0.106 + 6° x 0.059 + 7> x 0.047 +
8°x0.047 +14° x0.024-3.73° = 6.20

<F = 1 x13+ 22 x 7+ 3F x17+ 4% x 23+ 5% x 21+ 62 x15 - 96 x 3.80°
- 9%

_ 2
& - 1627-96%3.80° _ 250
95

or

82 =12x0.135+ 2% x0.073+ 3* x0.177 + 4* x 0.240 + 5° x 0.219+ 6% x 0.156 — 3.80° = 2.52

3. Draw ahistogram of the amount of time spent studying on a particular module
outside the usual lecture and tutorial hoursin an average (typical) week for the
sample of 35 students, given in the Table below.

Amount of time spent studying on a particular module

Minutes | No. students
<20
20-<40
40-<60
60-<90
90-<120

agobhonN
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120-<180 7
180-<240 3
240-<360| 2
>360 | 1
Total | 35

Answer
Neither the bottom nor the top classis not closed. For the bottom class the obvious lowest

bound is zero, the upper bound is less obvious and we determine a likely upper bound (8
hours: 540 minutes). (see sheet).

4. Using the data given in the Table above for the sample of 35 students, calculate
the (i) sample mean, (ii) sample standard deviation, (iii) the median and (iv) the
inter-quartile range.

Answer

Amount of time spent studying on a particular module

Mid point | No. students  Cum. Freqg. Rel Freq
10 2 2 0.057
30 5 7 0.143
50 4 11 0.114
75 6 17 0.171
105 5 22 0.143
150 7 29 0.200
210 3 32 0.086
300 2 24 0.057
420 1 35 0.029

Total 35 1.000

(i) x=115.6, (ii) s=91.1, (iii) For the median sometimes people actual calculate
the median point in the interval as:
18-17
5

F50:90+{ }30:95minut$

9-7

(iv) Fy= 404{

}20:50. F75:1204{27;22

} 60=162.86

5. Consider the following sample of bivariate data
X |4 24 8 74 70 36 57 29 63 74 8 30

y [136 141 133 135 120 142 130 153 128 112 124 146

(a) plot ascatter graph of y against x.
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(b) Calculate the covariance between'y and x.
(c) Calculate the correlation between y and x.

Answer
Scatter diagram of y vs x
*
.
140 * ’
. .
= 130 . .
.
110 ’
i
XY, ~nxy )
©) covix y) = 3 _ 86003-12x5508x13333 _ .
n-1 11

(0) corr(x,y) = cov(xy) 19867 _ 779

ss,  2166x1148
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Rules of summation

1 DX = (X + X+ X+ 4 X,)
i=1

n
2. dc=(c+Cc+C+...+C)=nC
i=1

3. DeX; = (€X, +CX,+CX5+...+CX ) =C(X + Xy + Xy +...4+ X, ) =€) X

i=1

306 +Y) = (6, +Y) + (X, +Y,) + (X )+ (X, +Y,)

4 i=1

= (X + X+ Xy A X))+ (Y, + Y+ 4Y) =D X+ DY
i 1

i=1 i=:

306 +Y)? = (X YR+ (X V)P (X + )7 (X, +Y,)?

=1

5. = (Y2 +2XY) + (X2 + Y7 +2X,Y,) +. (X2 + Y2 +2X.Y,)
=2 (X7 +¥7+2XY)
i=1
(cX; +CY)? =Y (PXZ+c?Y2 + 207X Y) =c? ) (X2 + Y2 +2X.Y)
6. i1 = i=

=6 (XYY

34
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Rules on expectations variances
k
Define E(X) = Z p x as the expected value of the random variable X and

i=1

V(X)=E[X—E(X)]2=E(X2)—E(X)2=Zp.(>ﬂ—E(X))z-
1. E(a+X)=Zk:p,(a+>g)=a+Zk:p,>g=a+E(X)
2. E@X) =2 p(@x)=ay px =aE(X)

V(a+ X) :Z p[(a+x)-E(@a+ X)]2 :Z P [({:1+>g)—r:1—E(X)]2

3

=Y p[x -EX)] =V(X)

i=1

V(aX)= Zp [ax —E(aX)] :Zp. [ax —aE(X)]"
4. i=

k

=a?) p[x -E(X)] =aV/(X)

i=1

Suppose E(X) = u and V(X) =2 and define Z ==~ | then
(o}

E(Z)= E{ﬂ}zlE[x _“]:1{5()()_“}:0
o o o T
(using rules (2) and (1))

V(Z)= v{x “} —V(X u)_fvm 1
o

(using rules (4) and (3)) therefore E(Z)=0 and V(2)=1, thisis a standardised variable.

While these rules have been derived for a discrete distribution on the random variable, X,

similar arguments would hold if X was a continuous random variable. The exception
being that the summation sign would be replaced by an integral

35
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L og transformation as an approximation to a growth rate

Define g asthe growth rate, that is: g—w = X —1. Now rearranging we have:
t-4 t-4
1+ g— . Consider taking natural logs of both sidesin which case we have:

t-4

In(1+ g)= In(xx ] In(X,)=In(X.,)

Asthelog of aratio isthe same as the differencein logs.

Consider the following table:

g (@*g)| In(l+g) | =In{d+g)
0.01 1.01| 0.00995 0.01
0.02 1.02 | 0.01980 0.02
0.03 1.03 | 0.02956 0.03
0.04 1.04| 0.03922 0.04
0.08 1.08 | 0.07696 0.08
0.12 112 | 0.11333 0.11
0.20 1.20| 0.18232 0.18
0.50 150 | 0.33647 0.34

-0.01 0.99 | -0.01005 -0.01
-0.02 0.98 | -0.02020 -0.02
-0.03 0.97 | -0.03046 -0.03
-0.04 0.96 | -0.04082 -0.04
-0.08 0.92 | -0.08338 -0.08
-0.12 0.88 | -0.12783 -0.13
-0.20 0.80 | -0.22314 -0.22
-0.50 0.50 | -0.51083 -0.51

inwhich case: In(1+ g) = g=In(X,) -In(X._,) .
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Comparing alternate measures of UK GDP growth - 1960-2009 (quarterly data)

12

10 1

8 |

6 -

4 4 g =

2

1960 Q1 1963 Q1 1966 Q1 1969 Q1 1972 Q1 1 1978 Q1 1p81/Q1 1984 Q1 1987 Q1 1990 Q1 4993 Q1 1996 Q1 1999 Q1 2002 Q1 2005 Q1 2008 Q1
2

4

6 )
-8

Growth === Differencein logs
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STATISTICAL TECHNIQUESB
Probability

1. Introduction
There is an experiment whose outcome is random and which can be repeated.
Define Q as the sample space, which is the set of all possible outcomes of the
experiment and the basic (or elementary) outcomes are defined as C;, i=1,.. .k, and
these are the list of all possible outcomes and only one of the list can be the outcome
in any particular experiment.
Example:
(i) If the experiment isrolling adice then Q = {L 2,3,4,5, 6} and C; =the number on
theface of thedie; C, ={1}, C,={2}...C, ={6}
(i) If the experiment was rolling two die then Q = {(11),(1,2),...(16)...(6,6)} and Ci
is the number on the faces combined.
The events, A, are a collection of one or more outcomes of the basic outcomes (C;) and
are asubset of Q.
Example:
(i) Let A =the event that an odd faceisrolled ={1,3,5} and A c Q.
(ii) Let A= Ordered pair of Q which sumto 7 ={(1,6),(2,5).(3,4),(4,3).(5.2).(6,1)} .
Generally the events A and B are said to be mutually exclusive eventsiif they
share no common element, that is, AnB=. Theevents C,, C,, C, aresaidto be
dl the elementary events of Q if:
0] Each pair of the elementary eventsis mutually exclusive, that is,
CnC =0 fori=]j

(i)  Theeventsareexhaustive, that is C,UC,UC, =Q.

Handout 2

2. Set Theory and Venn Diagrams

A set isaselection of objects. Members of a set are referred to as elements and are
written inside brackets, {}. Some notation:

(1) € (¢) means belongs (does not belong) to

(@ Theset A={1,2,3/4 andle A

(b) Theset B={x|0<x<3} and0eB

(c) Theset C ={Heads,Tails} and Headse C

(d) Theset D ={rea numbersix* =-yand D =

(2) E < A, meaning the set E isasubset of the set A, implying that all elements that
belong to E also belong to A.

(@ A={12,3,4 and E={1,2} then Ec A

(3) AUE istheset of al elementswhich arein A or E or both

(@ A={0,051, E={1,2,3 = AUE={0,05123

B
o\ 2

(4) A NE isthe set of al elements which belong to both A and E
(@ A={0,051, E={123 = AnE={]

2§
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(5) A isthecomplementary eventto A, and A={acQ;a¢ A}

(@ ©={12,345,67,8910, A={1234 = A={56,7,89,10

(6) If C,,C,,...C, are mutually exclusive and exhaustive events, and if A is some

other event then:

A=(C nAUC,NAU...(C.nA

C1 ‘ C

Cs Ca

The is the “union-intersection” rule.
2.1 Rules

(1) AuB=BUA

(2) AnB=BnA

3) Au(BuC)=(AuB)uUC

(4 An(BNC)=(AnB)nC

5 AN =g

6) A=A

(7) A=A

8) Au(BNC)=(AuB)N(AUC)
(9) An(BUC)=(ANnB)U(ANC)

(100 (AnB)=AUB

(1) (AuB)=ANB

Handout 2

3. Threetypes of probability
1. Classical:

When basic outcomes are equally likely (and there are N of these) and an experiment,
A, has Na of these, then:

P(A) :%

2. Frequentist

When the basic outcomes are not equally likely, an empirical approach to determine
the probability of an event A occurring is to observe how oftenin n trials the event A
actually occurred

P(A) ~ ”T:

3. Prior posterior

A Bayesian approach to probability is to base the probability of an event A on your
belief of the likelihood of the event occurring.

4. Probability

The probability of an event A, P(A), is the probability that an outcome of the
experiment is A.

Example:

(i) Aismade up of 3 outcomes and Q of 6, then P(A)=3/6=1/2.

(ii) Ais made up of 6 outcomes, Q of 36, then P(A)=6/36=1/6.

Let P be afunction which assigns area number, P(A),to A, YAcQ. ThenPisa
probability measureiif:

(i) P(A)=0

(i) If G C; =3, foriz, then P(C,UC,UC,...)=P(C)+P(C,) +...

(iii) P(9)=1

4.1 Useful properties of probability

(i) Let A bethe complementary event to A, then A={aeQ;ae A} (where &(g)
belongs to (does not belong ta)), P(A) =1— P(A)

Proof

AN A=0= P(AUA) =P(A) +P(A)

but, AUA=Q= P(AUA) = P(A)+P(A) = P(QQ) =1= P(A) =1-P(A).
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(i) P(0) =0
(iii) If Ac B then P(A) < P(B)

Proof

Let D=Bn A= DnA=0 Therefore, P(D U A) = P(B) = P(D) + P(A) as
P(D) >0 thisimplies P(B) > P(A)

(iv) Foreachevent C, e, 0<P(C) <1

(v) P(AUB) = P(A) + P(B)- P(AnB)

Proof
P(A) = P(AnB)+P(ANB) and P(B) = P(AnB)+P(ANB)
P(AUB) = P(A)+P(D) =P(A)+ P(AnB) = P(A) + P(B) - P(AN B)
—
P(B)-P(ANB)
If A and B are mutually exclusive, such that AnB = then,
P(AUB) = P(A)+ P(B).

Handout 2

Example: Univariate distribution

C C, G C, GCs C
Highest Qual No Qua Other GCSE  A-leve HE Degree
Pr() | 0.080 0103 0221 0217 0109 0271

Then: C; j=1234,56 areelementary events, C nC,; =0 i=j and
C,uC,uC,uC,UC,UC, =Q.

Define

A= Post compulsory qualifications{A-level HE, Degree}

Pr(A) = Pr(C,) + Pr(C,) + Pr(C,) = 0.217+0.109+ 0.271= 0.597

B = HE qudlifications{HE, Degree}

Pr(B) = Pr(C,) + Pr(C,) = 0.109+0.271=0.38

C={NoQuals}, Pr(C)=Pr(C,)=0.080

i Pr(A) = Pr{No qual, Other, GCSE} = Pr(C,) + Pr(C,) + Pr(C;)
=0.403=1-Pr(A)

(i) If Pr(D)=0= D isan empty set.

@iy 1 P(E)=1=E=Q

(iv) AsBc A= Pr(B)<Pr(A)

(v)  Pr(AuB)=Pr(A)+Pr(B)— Pr(An B) = 0.597 + 0.38— 0.38 = 0.597 (Note:
Pr(An B) = Pr(B)

(vi)  Pr(AUC)=Pr(A)+ Pr(C)— Pr(AnC) = 0.597 +0.080— 0= 0.677 (Note:

Pr(AnC) =0
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5. Bivariate probabilities

Consider the two events A and B, which have elementary events A, A,,... A, and
B,,B,,... B, such that:

(@) AnA =0, fori=]j and BB =, fori=j,and

(i) AUAU...UA=Q and BUB,U...UB =Q

Each event A can occur jointly with any B;j and these joint outcomes can be thought of
as the basic outcomes.

Under this scenario we can observe the following sets of possible outcomes as shown

inTable 1.
Table 1: Outcomestable

B1 B2 .. Bj .. Bk
Al AlﬁB;[ AlﬁBz AlﬁBi AlﬂBk
A AxB1 AxBz ... AxB; ... A2Bxk
A AiNB1 AiNB: ANB; AinBx
An AnnB1 AnnB2 ... AnnB; ... AnnBk

These have associated probabilities described in Table 2.

Table 2: Probabilities table

B B2 B; Bk Total
Ai | P(A1mB1) P(A1nB) P(A1NB;) P(A1nBy) | P(A1)
Az P(A2nB1) P(A2nB>) P(A21B;) P(A2nBy) | P(A2)
A | P(ARBY) P(AINB)) P(AB) P(ACBY | P(A)
A | P(AB) PAB) ... P(AAB) ... P(ArB) | P(AY
Tota P(By) P(B2) P(B) P(By) 1

where P(AiNB;) are the joint probabilities of the event (A and B;) and P(A) is the
probability of event Ai occurring irrespective of outcome of B. Similarly P(B;) is the
probability of event B; occurring irrespective of the outcome of A. P(A)) and P(B;) are
the marginal probabilities. From the union-intersection rule we know that:

P(A)=P(ANB)+P(ANB,)--+P(ANB))...+P(ANB,)
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6. Conditional Distributions

Consider now the probability that any one of the outcomes associated with
experiment A occurs given that the outcome from experiment B was By, thisiswritten
as P(A|B,), i=1...h. Weare saying that event B« has occurred and so thereis no
longer any uncertainty associated with this, in which case the outcomes tables
corresponding to Table 1 is:

Table 3: Outcomes table given that B=Bx

Bk
A A1nBk
Az AxBxk
A ANBk
An AnBk

We areinterested in the probability associated with each outcome of experiment A,
giventhat B=B,, that is, wewant to consider, P(A |[B=B,), i =1,....h.
Correspondingly we only need the penultimate column of Table 2. However, these
probabilities (which define al of the possible outcomes of the experiment A, given
that Bk occurred) sum to P(B), rather than unity, scaling each probability in the table
by P(Bx), gives
P(ANB)

P(B,)

Table 4: Probabilities table given that B=Bi

Bk P(Ai|B=Bx)
AL P(A1nBy)  P(A1nBk)/P(By)
A P(A2nBx)  P(A2nBk)/P(Bk)

P(AB)=

A P(AinBy)  P(AINBK)/P(By)

A P(AnBy)  P(AnBK)/P(Bk)
Tota P(Bk) 1

Similarly we can find

P(ANB)
P(A)

From the above we therefore have that:

P(ANB)=P(A|B).P(B)

P(B.[A)=
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P(ANB,)=P(B|A).P(A)

and

P(a 18y = " TUEA)

Handout 2

7. Statistical |ndependence

The events A and B; are said to be statistically, if

P(A1B=B;)=P(A)

that is, the events are independent if probability of Ai occurring, conditional on B;
having occurred is simply the marginal probability of Ai (the conditioning has no
effect).

Independence implies:

P(A NB,)=P(A).P(B)).
Thisidea can be extended to 3 or more events where,

P(A.B;.D)=P(A).P(B).P(D), and

P(A,B.,D,
P(AlijDﬂ:%

Rearranging and using therulethat P(B;,D,) = P(B, | D,).P(D,), we have

P(A,B;,D)=P(A[B;,D).P(B;,D)=P(A|B;,D).P(B; | D).P(D)

10



Handout 2

8. Bayes Theorem

Define an event A and some mutually exclusive and exhaustive basic events, C,,...C,.

From earlier we had that
P(A)=P(ANC)+P(ANC,)--+P(ANC))...+P(ANC,)
P(A)=P(A|C).P(C)+P(A|C,).P(C,) +...+ P(A |C,).P(C,)
P(A)=ZP(AIQ)-P(Q)

Above we wrote that the joint probability of two events can be written as the product
of the conditional probability and the marginal probability, that is,

P(ANC))=P(A|C)).P(C))=P(C, | A).P(A)
substituting in the formulafor A1 above we get Bayes Theorem:
P(AIC ))P(C) _P(AIC )P(C)

P > P(AIC)P(C)

P(Cj I A) =

Example: Bivariate distribution

Highest Qual (X;)
NQ Other GCCE A-lev HE Degree

Handout 2

Pr(FANQ) _ 0041 _ ) 50
Pr(F) 0.521

AsPr(NQ) =0.080 = Pr(NQ|M) = 0.081 - not independent

Pr(NQIF)=

Alternatively consider:

Highest Qual (X,)
NQ Other GCCE A-lev HE Degree

Wages  <£10 0.064 0072 0143 0115 0.035 0.051 | 0.480
(X3) £10-16 0012 0023 0055 0.070 0041 0078 | 0279

>£16 0003 0008 0023 0.032 0033 0141 | 0.241

Gender Male 0039 0055 008 0121 0045 0130 | 0.479
(X,) Female | 0.041 0048 0132 009%6 0064 0141 | 0.521

0080 0103 0221 0217 0109 0271 1.000

Pr(<E10NNQ) _ 0.064

Pr(<£10INQ)= = =0.800
Pr(NQ) 0080
Pr(<£10jA-lev)= TEEIODAdey) 0115 ) oo
Pr(Adev) 0217
Pr(<£10Degy= PCELONDeD) 0061 oo

Pr(Deg) 0.271
Example: Trivariate distribution

Males Highest Qual (X,)
NQ Other GCCE A-lev HE Degree

0080 0103 0221 0217 0109 0271 | 1.000

Joint probabilities: Pr(NQ ~ Male) = 0.039, Pr(Degreen Male) = 0.130
Marginal probabilities:

Pr(M) = Pr(M A NQ) + Pr(M A Oth) + Pr(M n GCSE) + Pr(M N A-lev) + Pr(M ~ HE) + Pr(M n Deg)

Pr(M) = 0.039+0.055+0.088+0.121+0.045+0.130 = 0.479

Pr(F) = Pr(F NQ) + Pr(F~ Oth) + Pr(F~ GCSE) + Pr(F N A-lev) + Pr(F~ HE) + Pr(F ~ Deg)
Pr(F) = 0.041+0.048+0.132+0.096 + 0.064+0.141 = 0.521

Conditional probabilities:

(M ~Degree) 0.130
Pr(M) 0479

(MANQ) 0.039
Pr(M)  0.479

Pr(DegreeM)= P =0.271;

Pr(NQM)=""

=0.081;

(F~Degree) 0.141

P
Pr(Degreeif)= Pr(F) 0521

=0.271;

11

Wages  <£10 0028 0034 0048 0.052 0011 0021 | 0.194
(X3) £10-16 0.008 0015 0.026 0.045 0016 0031 | 0.142

>£16 0.003 0.006 0.014 0.024 0.019 0.077 | 0.143

0039 0055 008 0121 0045 0.130 | 0479

Females Highest Qual (X,)
NQ Other GCCE A-lev HE Degree

Wages  <£10 003 0038 009 0063 0024 0030 | 0.286
(X3) £10-16 0.004 0008 0028 0.024 0025 0047 | 0.137

>£16 0001 0003 0.009 0.008 0.015 0.064 | 0.098

0041 0048 0132 0.096 0064 0141 | 0521

Joint probabilities: Pr(< £10n NQM)=0.028 and Pr(< £10n Degn M)=0.021

Pr(<£10nM) =Pr(< £100n M N NQ)+Pr(< £100nM N Oth)+ Pr(< £100nM N GCSE)+
Pr(< £10nM N A-lev)+Pr(< £10nM NHE)+ Pr(< £10nM N Deg)=0.194

Pr(NQNM) =Pr(< £10nM N NQ)+Pr(£10-16 nM N NQ)+Pr(= £16 n M n NQ)=0.039

12
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Marginal probabilities:

Pr(M) = Pr((Mn<£10 " NQ)+ Pr(Mn<£10N Oth)...+ Pr(Mn<£10 " Deg)+
Pr(M n£10-16 n NQ)+Pr(M N £10-16 N Oth)... + Pr(M N £10-16 n Deg)+
Pr(Mn>£16 nNQ)+Pr(Mn > £16 N Oth)...+ Pr(Mn > £16 N Deg)=0.479

Pr(NQ) = Pr(NQN<£10nM)+Pr(NQ N £10-16 nM)+...+ Pr(NQN > £16 " M)+
Pr(NQN<£10n F)+Pr(NQN£10-16 " F)+...+ Pr(NQN > £16 n F)=0.080

Pr(< £10) = Pr(<E10n NQ " M)+ Pr(<€10nOth " M)+...+ Pr(<E10nDeg N M)
Pr(<E10NnNQNF)+Pr(<€10nOthNF)+...+ Pr(<€10nDeg N F)
=0.480

Conditiona probabilities:

Pr(< £10nNQNM) 0.028
Pr(M) 0.479

Pr(< £10|NQNM)= Pr(< £10nNQN M) _ 0.028
Pr(M nNQ) 0.039

Pr(£10-16nNQNM) 0.008

=0.058

Pr(<£10nNQ|M)=

=0.718

Pr(£10-16|NQNM)= = =0.205
Pr(M n NQ) 0.039
Pr(s £16NO M)= IC EBONQOM) _ 0003 ) o
Pr(M A NQ) 0.039
Pr(< £10| Deg )= PIEELONDEIOM) 0021 ()
Pr(M n Deg) 0.130
Pr(E10- 16| DegrM)= TTELO-160Deg M) 0031
Pr(M n Deg) 0.130
Pr(> £16| Deg )= IC ELBNDEIOM) 0077 _ (o)

Pr(M~Deg)  0.130

13
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9. Combinations and per mutations

There are n objects to be arranged in order: how many different ways are there of
doing this?

2P, =n(n-1)(n-2)...1=n! - permutations

There are n different objects and you choose r of them, how many ways can you order
these r objects?

P=nl=n(n-Y(n-2)...(n-r+1) = n
(n=r)!

There are n different objects and you choose r of them, how many ways can you
n! P

chooser (without ordering) ,C, =—— ="
r'i(n-r)! r!

14
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Probability - Examples
3. A fair octagona (eight sided) die, with faces marked 1 to 8, is thrown as an

experiment, the result being the number on the face of the die. Define the
following events: E, =(1,2,345), E,=(2468), E,=(1357). Find the

1 Let A=(2468), B=(1,359) and S=(1,2,34,56,7,89)

Evaluate the sets:
following:

@ Pr(§|E,). (b) Pr(§|E,). (c) Pr(E|E,). (d) PI(E,|E),
® P(E|EVE).

@ A,(b) B, AUB,(d) AUB,(© AnB,({) AUB,(Q ANB
Answer

(@ A=(13579)

(0) B= (24675 s PE,NE,) Pr24) 025
r(le, NE, . A
(©) AUB=(12,345689) @ Pr(E,|E,)= PIE,)  Pr(2468) 05 05
(@) AUB=(7) (b) PH(E, |E;) = BN Es) _ PIUSS) 03754
(& AnB=(Q) Pr(E,) Pr(1357) 05
o — Pr(E,NE,) Pr(68 025
(f)AUB=(12345678) =ANB (©) Pr(E,|E;)= PIE,)  Pr(2468) 05 5

@ ANB=(7)=AUB P(E,NE,) _ Pr(24) _ 025 _

@ P ) = ey~ 2345 0625 >

2. If P(A)=1/3, P(B)=1/2 and P(A U B)=3/4. © Pr(E, |E, UE,) = (E (B VE) | Pril3s) 0375 3
s Pr(E, UE,) Pr(1,2,34568) 0875 7

Find (@ P(AnB), () PANB), (0 P(AUB), (d P(ANB) (o)

P(ANB), 4. A town has three buses A, B and C. In the “rush hour”, A has twice as many
(f)y P(A N B), (g) P(A UB) buses on its route as both B and C. Over a period of time it has been found

that, along a certain stretch of road, where the three buses converge, the buses
Answer
(@ P(AUB)=3/4=1/3+1/2—-P(ANB) = P(AnB) =1/12

on these routes run more than five minutes late 0.5, 0.2 and 0.1 of the time,

respectively. If an inspector (standing near this stretch of road) finds that the

(b) P(AnB)=1-1/12=11/12 first bus is more than five minutes late, find the probability that it is route B
bus.
(0 P(AUB)=1-3/4=1/4
_ _ Answer
(d) P(A) = P(AnB)+P(ANB)= P(AnB)=1/3-1/12=1/4 Pr(A) =05, Pr(B) = Pr(C) = 0.25
(e) P(B)=P(ANB)+P(ANB)=P(ANB)=1/2-1/12=5/12 In addition, we know
(f) P(A) = P(ANB)+ P(AnB) = P(ANB) =2/3-5/12=1/4 = P(AUB) Pr(L|A)=05, Pr(L|B)=02, Pr(L|C)=0.1

. _ . - we want to know:
(@ P(AUB)=P(A)+P(B)-P(ANB)=2/3+1/2-1/4=11/12 =P(A N B)

15 16
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Pr(L|B).Pr(B) _0.2(0.25) _ 005

Pr(B|L) = =
Pr(L) 0325 0325

=0.154

and from the union-intersection rule:
Pr(L) =Pr(L | A).Pr(A)+Pr(L|B).Pr(B) + Pr(L |C).Pr(C)
Pr(L) = 0.5(0.5) +0.2(0.25) + 0.1(0.25) = 0.325

5. A child uses a home-made metal detector to look for valuable metallic objects
on abeach. Thereis fault in the machine which causesit to signal the presence
of only 95% of metallic objects over which it passes and to signal the presence
of 6% of non-metallic objects. Of the objects over which the machine passes,
20% are metallic.

(a) Find the probability that a given object is metallic and the machine gives a
signal.

(b) Find the probability of a signal being received by the child for any given
object.

(c) Find the probability that the child has found a metallic object when they
receiveasignal.

(d) Given that 10% of metallic objects found on the beach are valuable, find the

proportion of objects, discovered by a signa from the detector, that are
valuable.

Answer

Pr(S|M)=0.95, Pr(S|NM)=0.06, Pr(M)=0.2

(@ Pr(M nS)=Pr(S|M).Pr(M) = 0.95(0.2) = 0.19.

(b) Pr(S) =Pr(SAM)+Pr(S~NM) = 0.19+0.06(0.8) = 0.238
P(M~S) 019

Pr(S) 0238

(d)PV M NS)=0.1= PV "M N S) =0.1(0.19) = P(V N S)

Pr(vnS)  0.1(0.19)
P(S) 0238

(©) Pr(M |$) =

=0.08

as P(V nSAM) =0, therefore Pr(V |S) =

17
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6. In “Pop Band: The Rivals’ a group has to consist of 5 singers. If there a total
of 10 suitable singers, but due to telephone rigging the band must include a
particular pair of singers, in many ways can the “band” be made up?

Answer
As two band members are aready selected, we only have to choose 3 from 8 and as

the order does not matter, we have 8C® =56

7. A passenger compartment on atrain has six seats, three facing forwards and
three facing backwards. Three men and two women enter the compartment and
seat themselves randomly.

(& Inhow many ways can they be seated?

(b) In how many ways will the women be seated opposite each other?

(¢) In how many ways can two men be seated opposite each other?

Answer
@ In how many ways can we arrange 5 peoplein 6 seats - (P, =720.

(b) If the two women sit opposite one another (next to the window) then how
many ways can the three men occupy the remaining 4 seats - ,P, =24. In totd the
women can Sit opposite each other in 3 ways (window, aisle or middle seats and can
swap places) — therefore we have 6* 24=144.

(© Clearly if there we only 2 men then the answer would be the same as (b), but
there are three men and these can sit opposite each other as man 1 and man 2, manl

and man 3, or man 2 and man 3 (and can swap around). Therefore we have 432.

18
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1. Introduction to Univariate Distributions

STATISTICAL TECHNIQUESB
Univariate and Bivariate Distributions

For arandom experiment, with a sample space, 2, afunction X, which assigns to each

element of C, areal number X(C)=x, is called arandom variable. We must distinguish

between the random variable, X, and the possible outcomes, xe Q.

Example 1:
Consider rolling adicethen Q = {1,2,3,4,5,6}, define arandom variable, which

considers only odd or even numbersand X (C) = {

X

|0

1

P(X=x) |%

Example 2:
Tosstwo coins Q = {HH,HT, TH,TT}. Let X(C)=Number of tails

X (HH) = 0, X (HT) = 1. X (TH) =1 X (TT) = 2 then {

Yo

P(X=1)=P(HT, TH)=1/2

X

lo

P(X=x) |va

Example 3:

Probability of having an MMR vaccineis 0.8. In arandom sample of 4 people, how
many would have had the MMR vaccine:

Yo

1 if even number

. , then
0 if odd number

Q= {HH,HT,TH,TT}
A={012}

and

X NNNN YNNN NYNN NNYN NNNY YYNN YNYN YNNY
PX=¥) [o0.2* 0.8(0.2° 0.8(0.2)° 0.8(0.2° 0.8(0.2)° 0.80.2° 0.80.2° 0.80.2
X NYYN NYNY NNYY NYYY YNYY YYNY YYYN YYYY
P(X=X) |0.8%02° 0802° 0802° 0802 0802 0802 0802 08°
X 0 1 2 3 4

P(X=x) |0.0016 0.0256 0.1536 04096 0.4096

f(x)

Handout 3

Example 4:

f(X)=1 0<x<1 Q={x0<x<1
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2. Discrete Univariate Distributions

Suppose X is a scalar random variable with a finite number of values - thisisa

discrete set of points. Let p, (x) beafunction such that, (i) p,(x) >0, and (ii)

z py (x) =1, then Xis adiscrete random variable with probability density (mass)

b
function, p, (X) and P(a< X <b)=)" f(x), o using example 3

x=a

P(2<X <3)= 23: f (X) = 0.5632

X=2

The cumulative distribution (mass) function of X is such that for each

Fy (%) = P(X £%,) =D py(x), using example 3,

XX

Fe(2)=P(X £2)=)" p,(x)=0.1808.

x<2

(a) cdf of adiscrete random variable

Pr(X=x)

(i) lim F(x) =0
(iv) limF(x) =1

(v) Prla< X <b)=F(b)-F(a)

2.1 Measures of central tendency and dispersion
2.1.1 Median

For a discrete random variable X, with cdf F, there are 2 possibilities:
(i) ThereisNO x, such that F(x)=1/2

Handout 3

(i) Thereis aset of x, such that F(x)=1/2, {x,a< x<b} . Consider a y € [a,b), where

P(X <y)<1/2
P(X<y)=1/2

. Hence all ye[a,b) are median values, usually call L;b) the

median of the random variable.
2.1.2 Mode
That value of x such that p(x) is maximised.

2.1.3 Expectations and variances

X takes on afinite number of outcomes x = x;,X%,,..., X, and each has an associated

probability:
X | X1 X2 Xn
P(x:X) | P P2 Pn

E(X)= Y py ()%= 41y
V(X) = E[(X = 1)*]= > P ()(x— 1 )?

=z Px (X)XZ _Zﬂx z Px (X)X+,u>2< Z Px (X) = Z Px (X)X2 _:u>2< = E(Xz)_:"‘)z(

V(X)=E[(X - 1,)" | = E(X") - E(X)?

in general, E[g(X)] =Y P (09(x)

for example,
E[Xz] = Py ()%
Example

1 2 3 4 5 6
Highest Qual No Qual Other GCSE  A-level HE Degree
Pr(.) ’ 0.080 0.103 0.221 0.217 0.109 0.271

E(X) = 0.080(1) + 0.103(2) + 0.221(3) + 0.217(4) + 0.109(5) + 0.271(6) = 3.988

E(X?) = 0.080(1%) +0.103(2%) + 0.221(3%) + 0.217(4%) + 0.109(5%) + 0.271(6*) = 18.434
V(X) = E(X?)~[E(X)]’ =18.434-3.988" = 2.530
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3. Introduction to Discrete Bivariate Distributions

Let py x, (%:%)=P(X,=x,X,=Xx,) bethejoint probability density (mass) function

for the discrete random variables X1 and Xo. The joint probability density function

defines a probability for all values of (x,x,) . Suppose that the sample space of X1 is

Q, ={A,A ...A} and thesample space of Xzis Q, ={B,,B,...B,}. Then we can

define al possible outcomes and the joint probability density function using the Table

1 below (reproduced from Handout 2 - Probability):
Table 1: Joint Probability Table

B1 B2 ... Bj ... Bk Total

A P(A1nB1)  P(A1nB2) P(A1NB) P(AxBy) | P(A1)

Az | P(A2nB1) P(AxnBz) P(A2NB) P(A2nBy) | P(A2)

A | P(ANB) P(ANBY) P(ANB;) PACBY | PA)

A | P(AwB) P(AwB) ..  P(ACB) ...  P(AwBY) | P(An)
Total P(By) P(B2) P(B) P(By) 1

The table defining a probability for each pair of events, A, B; for i=1,...h and j=1,
...k suchthat P(A,B))>0and ) > py  (X,%)=1 thenitisavalid probability

X X
density function.
In general,
Py, (K Ko %) = P(Xp =%, Xy = %0000, X =X )
and to be avalid pdf we require:
0} Py st (X Xe--1 %) 2 0

(ii) ZZZ pxl,xz.“xk(xlvxzv-ka):l

XX 3

3.1 Marginal Distributions

For the bivariate case above, consider the event, X, = A, where A < A . Thisevent

occurswhen X, = A and X; takes any possible value. This probability is

P(X,=A,B <X,< &):prl,xz(p}vxz)

P(X,=A,B <X,<B)=P(AnB)+P(ANB,)+..+P(ANB)

Handout 3

Now z p(x,, %,) removes the variable X out of the probability formula, leaving the

marginal probability, denoted as p,(x,), and thisis a probability density function of

X1, X2 having been summed out, and is known as the MARGINAL PROBABILITY
DENSITY (MASS) FUNCTION of Xi.
Similarly we have the marginal probability of X> calculated as:

P(X, = B,A<X< A)= z pxl.Xz(X].’ B,)

P(X,=B;,A<X <A)=P(ANB))+P(ANB)+...+P(A NB)).

From these marginal distributions we can calculate the moments of the random
variables X1 and Xz, that is, E(X,), E(X,), V(X,), V(X,) and cov(X,, X,) aswe
did before. For the discrete random variable X1, with marginal probability density

function p1(x):
E(X,) =D %Pi(%)
*

V(X)) =2 X pu(%) —E(X,)?
X

similarly for Xz,

E(X,) =2 %P, (%)
X2

V(X,)= zxzzpz(xz) - E(xz)z
X2

and
cov(Xy, X,) = E(X; — E(X))(X, — E(X,)) = E(X, X,) - E(X,)E(X,)

COV(X;, X,) = D D %%, P(X, ;) — E(X)E(X,)

X X
Rules on expectations and variance for bivariate and higher order distributions arein

Appendix 2.

3.2 Conditional Distributions

The conditional probability density function for random variables, X; and X, with a
joint probability density (mass) function p(x1,x2) and marginals pi(x1) and pz(x2), is
written as;

P(x, %,)

p(X% [ %) = n(%)
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Thisisavalid p.d.f. as

v POx) 1 __ 1 _P(%) 4
LRl b= T Tt & P ) = i 2P ) =

PO %) | g
P(%,)

Rearranging the above expression we also have that

P(X. %) = P(X %) P, (%) -
This idea can be extended to more than two events, in which case we have

P(X %1 Xs)
P,5(%, %;)

Rearranging and using therulethat p(x,, ;) = p(X, | X;)-Pps(X;) , we have
P4, X0 %) = P(X 1%, %) Po5(Xas %) = PO | %20 %5)- POX, [%5)-Ps (%)

and so in general

P& %o Xgye %) = POX X X500 %) P0% [ Koo X0 ) Ps(Xg [ %) - P, (%)

and p(x, | %)=

P(X, %, %) =

Example

Highest Qual (X,)
1 2 3 4 5 6

Handout 3

Highest Qual (X,)

NQ Other GCCE A-lev HE Deg

Wages 1 <£10 0.064 0072 0143 0115 0.035 0.051 | 0.480
(X3) 2 £1016 | 0012 0023 0055 0.070 0.041 0.078 | 0.279
3 >£16 0.003 0.008 0.023 0032 0.033 0141 | 0.241

0080 0103 0221 0217 0109 0271 | 1.000

E(X,) =3.988;V(X,) = 2.530

E(X,) = 0.480(1) + 0.279(2) +0.241(3) =1.761;
E(X?2) = 0.480(1%) + 0.279(2%) + 0.241(3%) = 3.765 =V (X,) = 0.664

E(X,.X,) = 0.064(1)(1) + 0.072(1)(2) +0.141(1)(3) +...0.051(1)(6) +
...0.141(3)(6)=7.611

cov(X,, X,) = E(X,X,) = E(X,).E(X,) = 7.611-3.988(1.761) = 0.588

Below we report the probability of being in each of the aternative wage groups
conditional on agiven level of education. So, for example, Pr(<£10| NQ) = 0.810

and Pr(<£10|Deg)=0.189 (see Probability handout)

1 2 3 4 5 6
NQ Other GCCE A-lev HE Deg
Wages 1  <£10 0810 0699 0647 0530 0321 0.189
(X)) 2 £1016 | g15p 0223 0249 0323 0376 0.289
3 >£16 0038 0078 0104 0147 0303 0522
1000 1000 1000 1000 1.000 1000

E(X, | X, =1) = 0.810(1) +0.152(2) + 0.038(3) = 1.228;

E(X, | X, = 2) =0.699(1) + 0.223(2) +0.078(3) =1.379;
E(X, | X, =3) = 0.647(1) + 0.249(2) + 0.104(3) = 1.457;

E(X, | X, =4) = 0.530(1) + 0.323(2) + 0.147(3) = 1.618

E(X, | X, =5) = 0.321(1) + 0.376(2) + 0.303(3) =1.982;

E(X, | X, =6) = 0.189(1) + 0.289(2) + 0.522(3) = 2.333
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4. Continuous Univariate Distributions

Suppose X is ascalar random variable along the real lineand (i) f, (x) >0 and (ii)

_[ f, (x)dx =1, then X is a continuous random variable with probability density

X

b a
function, f, (x) and P(a< X < b)=_[fx(x)dx. Moreover P(X = a) =j f, (X)dx=0,

therefore P(a< X <b)=P(a< X <b).
The cumulative distribution function of X is such that for each
FlOg)=P(X <) = | f,(xdx,
X<Xg
The cdf of arandom variable X is:

X

FOO=P(X<x)= [ Fy)dy o D 1(y)

From cdf can determine all the relevant probability statements.
(i) Fisnon-decreasing, thatis, if y < x then F(y) < F(x)

(ii) cdfs are everywhere continuous from the right, that is, Li m F(x+h)=F(x)

(b) cdf of acontinuous random variable

4.1 Measures of central tendency and dispersion

4.1.1 Median

For a continuous random variable X, with cdf F, the median is the point x, such that
F(x)=1/2.

4.1.2 Mode

That value of x such that f (x) is maximised.
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4.1.3 Expectations and variances

For continuous random variables

E(X) = [ Xt ()=

V(X) = E(X?) = E(X)* = [ X*f, ()X~ p}

X

10
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5. Introduction to Continuous Bivariate Distributions

Let f, x,(%.%) bethejoint probability density function for the continuous random
variables X1 and Xz. This function is avalid probability density function, if,
0] frox, (%1, %) 20

@) [ o 00)00% =1

* %

5.1 Marginal Distributions

For the continuous random variables X1 and Xz, with f, , (%,%,) asthejoint
probability density function, the marginal probability of the marginal probability of X1
is:

P(Xy,—0 < X, <o) = [ 0 (%, %) dbx, = (%)

and this removes the variable Xz out of the formula, leaving the marginal probability

density function of X1, f,(X), afunction of x; alone. Similarly to above the marginal

probability of Xzis:

P(X,,—0 < X, <o0) = [ fy (%, %) A = ().

E(X,) = [ % Fy (%) = oy,
*

V(X)) = E(X) ~ E(X)? = [ X, (%), — ]

X
similarly for Xo,
and
cov(Xy, X,) = E(X, ~ E(X))(X, — E(X,)) = E(X,X,) - E(X,)E(X,)
cov(X;, X,) = [ [ 3, F (%, %,)8%0% ~ E(X,)E(X,)

X X

11
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Univariate and Bivariate Distributions — Examples
1 For the following discrete distribution:
X ‘ 1 3 5 8 9
Pr(X=x) ‘0.1 04 03 015 005

Find (a) E(X), (b) E(X-1), (c) E[3(X-1)], (d) V(X), () V(X-1), (f) V[3(X-1)]
Answer

(8 E(X)=1(0.1)+3(0.4) + 5(0.3) + 8(0.15) + 9(0.05) = 4.45

(b)
x-1 ‘0247 8

Pr(X-1=x-1] ‘0.1 04 03 015 005

E(X —1) = 0(0.1) + 2(0.4) + 4(0.3) + 7(0.15) + 8(0.05) = 3.45 = E(X) -1

(0
3(x-1) ‘o 6 12 21 24

PI[3(X-1)=3(x-1)] ‘ 01 04 03 015 005

E[3(X —1)] = 0(0.1) + 6(0.4) +12(0.3) + 21(0.15) + 24(0.05) = 10.35= 3E(X) - 3

@ V= E(X?)-E(X)?
=1%(0.1) + 32(0.4) + 52(0.3) + 8°(0.15) + 9%(0.05) — 4.45° = 5.05

(€) V(X 1) = 0%(0.1) + 2%(0.4) + 42(0.3) + 72(0.15) + 8*(0.05) - 3.45" = 5.05

V(X -1 =E[(X -D)*] - E[(X -D]* = E[X* - 2X + 1] -[E(X) -1

V(X —1) = E(X?) = 2E(X) +1- E(X)? + 2E(X) —1= E(X?) - E(X)? =V(X)

(f) V[3(X ~1)] = 0%(0.1) + 62(0.4) +12%(0.3) + 212(0.15) + 24°(0.05) ~10.35 = 45.45

V[3(X —1)] = E[{3(X —~1)}*] - E[3(X ~D)]? = E[9X? —18X + 9] ~[3E(X) - 3]

V[3(X —1)] = 9E(X2) —18E(X) + 9— 9E(X)? +18E(X) -9 = E(X?) — E(X)*] = V(X)

2. For the discrete random variable defined by the p.d.f.
X ‘ 3 2 4
Pr(X=x) ‘ 04 03 03

Find E(Y) if Y =2(X -1)2+3(X -1)-5
Answer

E(X) =-3(0.4) + 2(0.3) + 4(0.3) = 0.6

12
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y ‘15 0 22
Pr(Y=y) ‘0.4 03 03

E(Y) =15(0.4) + 0(0.3) + 22(0.3) =12.6
E(Y) = 2E(X?) —4E(X) + 2+ 3E(X) —3-5=2E(X?) ~E(X) - 6
E(Y) = 2E(X?) - E(X)-6=19.2-0.6-6=12.6

3. Consider the following bivariate distribution for X; and Xo.
%
1 2 3 4
1 0.10 0.05 0.00 0.10
X, 2 0.10 0.00 0.20 0.00

3 0.05 0.10 0.25 0.05
(@ Write out the marginal distributions for X1 and Xo.

(b) Calculate E(X1) and E(X2), V(X1) and V(X2)
(c) Calculate cov(X1,X2).
(d) Write out the distribution of (X1|X>=2) and calculate E(X1|X>=2).
Answer
@
%, |1 2 3
P(X,=x) | 025 0.30 0.45

%, | 1 2 3 | 4
P(X,=%) | 025 0.15 045 | 015

(b) E(X,) =1(0.25)+2(0.3) + 3(0.45) = 2.2

E(X,) =1(0.25) + 2(0.15) + 3(0.45) + 4(0.15) = 2.5

V(X,) = E(X2)— E(X,)? =1°(0.25) + 2°(0.3) + 3*(0.45) — (2.2)> = 0.66

V(X,) = E(X2) — E(X,)? = 1%(0.25) + 22(0.15) + 3*(0.45) + 4%(0.15) — (2.5)° = 0.66
(©) cov(X,, X,) = E(X,X,) — E(X,)E(X,)

cov(x,, %,) =1(1)(0.1) +1(2)(0.05) +1(3)(0.0) +1(4)(0.1)
+2(1)(0.) + 2(2)(0.0) + 2(3)(0.2) + 2(4)(0.0) + 3(1)(0.05) + 3(2)(0.1)
+3(3)(0.25) + 3(4)(0.05) - (2.2)(2.5) =5.6-5.5=0.1

(d)

13
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X | X,=2 1 2 3
P(X, =x | X,=2)| 0.05/0.15 0.00 0.1/0.15

% | X, =2 1 2 3
P(X,=x|X,=2)| 03333 000  0.6666

(€) E(X, | X, =2) =1(0.3333) + 2(0.0) + 3(0.66666) = 2.3333

4, The random variables X; is distributed with a mean of 50 and variance of 10,
whileisindependently Xz is distributed with mean of 50 and variance 5. Find
the mean and variance of (a) X1+Xz, (b) X1-2Xz, (C) X2-0.4X.

Answer

(8) X1 and Xz are assumed to be independent.

E(X,+ X,) = E(X,) + E(X,) =50+50 =100

V (X, + X,) =V(X,) +V(X,)+2cov(X,, X,) =10+5=15

(b) E(X,-2X,)=E(X,)-2E(X,) =50-2(50) =-50

V(X;—2X,)=V(X)+V(-2X,) +2cov(X,,—2X,) =V (X,) + 4V (X,) —4cov(X,, X,)

V(X, -2X,) =10+4(5) = 30

() E(X,-0.4X,) = E(X,) —0.4E(X,) =50—-0.4(50) = 30

V(X,—0.4X,) =V (X,)+V(=0.4X,) + 2cov(X,,-0.4X,) =V (X,) + 0.16V(X,) —0.8cov(X,, X,)

V(X,—0.4X,) =5+0.16(10) = 6.6

5. The random variables X;, X2 and X3 are arandom sample from a population
with amean of u and variance 2. Find the mean and variance of ()
K1+ Xo+X3, (D) X1-Xo+X3, (€) (X1+Xo+X3)/3

Answer

(a) Assuming independence

E(X,+ X, +X;) = E(X))+E(X,) +E(X;)=pu+u+pu=3u

V(X + X, + X;) =V (X)) +V(X,) +V(X;)+2cov(X,, X,) +2cov(X,, X;) +2cov(X,, X;)

V(X + X, + Xg) =0’ +0%+0%=30"

(b) E(X, =X, +X3) = E(X) —E(Xp) +E(Xs) = pu—u+p=wu

14
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V(X =X, + X5) =V(X) +V(X,)+V(X;)—2cov(X,, X,) +2cov(X,, X;) —2cov(X,, X;)
V(X +X,+X,) =0’ +0°+0° =307

(©) E[(X,+ X, + X)) /3 =L/JE(X)+E(X,)+EX ) =L/ Ju+u+pul=u
V(X + X, + X)) /3 =1/9V (X,) +V (X,) +V (X,)]

VI(X, + X, + X,)/3 =1/9c’ +6°+5°]=0c?/3
6. A random variable X has the p.d.f, f(x), where:

f0x) = 4x-1)(2-x)(3-x) if1<x<2
()= 0 otherwise

Find the mean of X. What is the prob that X taken at random exceeds 1.8?

Answer

E(X) = [ % (%) dx= | x4(< ~6x° +11x~6) dx

2
E(X)=4J2X4—6X3+11x2—6xdx== 200
! 5 4 3 2]

E(X)=4 g7%+@7§ _ E,§+E‘,§ =147
5 4 3 2] |5 4 3 2

Pr(X >1.8) = _2[ f(x)dx = 4T (X* - 6x* +11x—6)dx

18 18

4 3 2 2
Pr(x >1.8) =4 X O I ol _ g (_8.0784)=00784
4 3 2 "

7. The continuous random variable X has p.df., f(x), where

0 X< 2
f(X)=<k(B-x) 2<x<3
0 x>3

Calculate (a) the constant, k, (b) the median of X.
Answer

3
(@ jk(3— x) dx=1= K[3x—x*/2]: =1=k{45-4} =1=k =2
2

d
(b) [2(3-X) dx=05=>A3x—x*/ 2] =05=>2{3d —d*/2- 4} =05
2

d?’-6d+85=0=d =229

15
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Morerules on expectations variances
Define the probability density function for the random variables X, Y as p(X,Y),
suchthat, >’ p(x,y) =1. Define the marginal density of X as p(x) and the marginal

Xy

probability density for Y asp(y), suchthat p(X) =" p(x,y) and p(Y) = p(x,y).
Then define E(X) =2 xp(y), E(Y) =2 yp(¥), V(X) =2 (x-E(X))*p(x),

VY) = (y-E(Y)*p(y) and cov(X,Y) =>">" (x—E(X))(y—E(Y)) p(x,y) .
Then we can show that

LOE(X+Y)=22 (x+ )P y) =2 > Xp(x y) + 2 > yp(%, Y)

DD P Y+ D YD p(XY) =D xp(x) + Y yp(y) = E(X) + E(Y)
p(x) p(y)
2. cov(a+X,Y)=> > ((a+X)-E(a+ X))(y-E(Y))p(x.y)
=Y Y (a+x—a-E(X))(y-E(Y)) p(x,y) =cov(X,Y).
3. cov(aX,Y)=Y > (ax—E(@X))(y-E(Y))p(x.y)
cov(aX,Y) =>">" (ax—aE(X))(y—E(Y)) p(x, y)
cov(ax,Y) =ay_ > (x—E(X))(y—E(Y))p(x,y) =acov(X,Y)
4. VX+Y)= X X [(x+ V) -EX+N] pxy) = X X [(x=E(X) +(y ~E(Y)] p(x.y)
Y3 Ix=E(X) +(y-E(M)] p(x.y)
D X=EX))?p(x, ¥)+ 2 D (Y=E(M))?p(x, ¥) + 2> D" (x—E(X)(y—E(Y)) p(x, y)
=Y (x=E(X)? D p(x, )+ D2 (Y- E(Y)? D p(x, y) +2cov(X,Y)
p(x) p(y)
=V (X)+V(Y)+2cov(X,Y)

5. E(X-Y)=E(X)-E(Y)
6. V(X-Y)=V(X)+V(Y)-2cov(X,Y)

16
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7. E(aX -bY)=aE(X)-bE(Y)

8. V(aX -bY)=a’V(X)+b?V(Y)-2abcov(X,Y)

9. E(X+Y+2Z)=E(X)+E(Y)+E(2)

10. V(X +Y+2Z) =V(X)+V(Y)+V(Z) +2cov(X,Y) + 2cov(X, Z) + 2cov(Y, Z)
11. E(X -Y-2Z) = E(X)-E(Y)-E(2)

12. V(X -Y-=Z)=V(X)+V(Y)+V(Z)—2cov(X,Y)—2cov(X,Z)+2cov(Y,Z)

Suppose E(X;)=pu, V(X,)=o? fordliand cov(Xi,Xj)=y‘I7” foradliandj, i=]j.

n

xl

Now define X =12 Xy Xt X)
n n

[(X + X, +..+ X,

n

E(X)=E }:%E(X1+X2+...+Xn)

= S[EOG) B = Ht st ] =

(X1+X2—:+Xn)} :%W(xl) +FV(X,)+...+V(X,)
+2CoV(X,, X,) +2cov(X,, X;) +...+2cov( X, X))

+200V(X,, X;) +...+2cov(X,, X,)

ot

..+2c0v(X, 1, X1

V(X)=V

assuming X,,..., X, arearandom sample (with or without replacement, providing n

issufficiently large) then cov(X , X;)=0fori = j and

2
V(X) :%[o2 +0%+...+07 :% (therefore the variance of the sample mean falls

as the number of pointsin the sample increases — this is the effect of smoothing see
Figure 1a-1d).

17
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Figure 1b: Dispersion with an average of n=2
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Figure 1d: Dispersion with an average of n=8
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Figure 1c: Dispersion with an average of n=4
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BaSI C I nt@r atl On Integration of a distribution
Integration can be approximated as a summation of the function over small changesin x, that is, 045
I f(X)ox = Z f(%)(X —%_,) , the approximation is best as the changes in x become infinitesimal % \
X i=1 035

(very small) — see figures overleaf — where we can see that as the changesin x, OX, become smaller so
the approximation of the areas of the rectangles become a better approximation to the area under the 03
continuous line.

(x)

Some basic rules of integration:
d n+l d n+l n+l
X d c
1..|'x”ax=— = foraln=-1 015
. n+l. n+l n+l1

2. TX716X = In(x)‘: = In(d) - In(c) / 005

d
— ed —e° -4 3 2 1 0
c

d
3. _[exax =¢"
c

Remember integration is simply the inverse function of differentiation, so

ox" n

_ _ nx"
—:nx'”:jnx“ax:—:x .
X n \
0.35

1)

23 24
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Integration of a distribution

0.45
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03
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x

Integration of a distribution

0.45
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w

x
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STATISTICAL TECHNIQUESB
Special Distributions

1. Bernoulli distribution

An experiment leading to only two outcomes —a‘ success and a‘failure’ —called a

Bernoulli trial x=0 (=failure) with probability, 1-p, and 1 (=success) with probability,

p.
X |0 1
P(X=x) [1-p p

Thisisavalid pdf as:
;px(X)=(l— p)+p=1
1.1Mean
E(X)=0(1-p)+1p=p
E(X*)=0"A-p)+Tp=p
1.2 Variance

V(X)=E(X*)-E(X)?= p-p’ = p(l- p)

Handout 4

2. Binomial distribution

This consists of having n independent Bernoulli trials, where we define X=number of
“successes’ inntriasand X=0,1,2,...n.

We can then calculate the probability of a specific outcome such as:
P(SNS,...nS,nF NF.,...nF)=p@-p™

|
However, asthereare ,C, =ﬁ in which we can get x successes in n trials,
n—x)!x!

given that the order is unimportant, we have:
Px (¥) = ,C,p* (1= p)™~
Thisisavalid probability density function as:
2P (¥ =2 ,Cp - p)" = (p+(1-p)" =1
For, n=3
Py (0 + P D)+ Py (D + P (3) = P’ (L~ p)° +3p(L- p)* +3p°(L- p) + P’(1- P)°
2.1 Mean
E(X)=2 ()= x ,Cp*L-p)"=np),.C,.p"(1-p)"™
x=0 x=0 x=1
defining men-1 and y=x-1 then,

E(X)=np). .C,p’@-p)™ =np
y=0

1

2.2 Variance
V(X)=E(X*)~[E(X)P
E(X?) = E[X(X —-1)] + E(X)
E[X(X-D]=

n n

X(x=1)p (x) =2 x(x-1) ,C,p*@L-p)"*=n(n-1) Pzi n-2CraP (L= p)"

x=0 x=0

—n(n-Dp2Y ,C,p’ (1 p)™ =n(n-1)p?

y=0
E(X®)=n(n-1)p?+np

V(X)=n(n-1) p?+np—n’p? =np[np— p+1-np] =np(1- p)



Handout 4

2.3 Probability values (see Table 7)

P(a< X <b)=P(a)+P(a+1)+...+ P(b)

Pa< X <b)=,

C.p*(1-p)"* +,Coap™ (A=) +

+ an pb(l_ p)nib

Handout 4

3. Poisson
We are interested in the number of occurrences of an event during a period of time,
where the period of time, T, isdivided into n unit timeintervals (and n is very large).
The probability of an event in an interval of timeis p (which is small) and we assume
that the events are independent occurrences.
A = mean rateof occurrence

e

x!

Py (X) = x=012...

Thisisavalid probability density function as:

DOACE z” Ay Ay

x! = x!
&0 7
p

as,

. 2 3 X4

€ =1+X+—+—+—+
20 3t 4l

3.1 Mean

71 X 2 3 4
/'L o m 21 3/1 4].
B0 =20 (0 =X 1 L' St

2 3 y
el il AL Ae"ZL:A
1 o2 3 =Y
7
3.2 Variance

V(X)=E(X*)-[E(X))?
E(X?) = E[X(X -1)] + E(X)

E(X(X-D) =2 x(x-Dp, (X = ZX(X e T 20

x=0

et 2 3 4
;L e’l[ﬁnﬁ’(zvL +4(3);L +}
2 3
= "/‘L{l+&+l—+l—+..1:lz
1 2 3
E(X?) =A%+ 1
V(X)=E(X?)-[E(X)P=A*+1-A* =2
3.3 Probability values (see Table 8)
P(a< X <b)=P(a)+P(a+1)+...+ P(b)
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a a+l b
P(asXsb):e{l PR, l}

al (a+D)! bl

NOTE:

The Poisson distribution can be used as an approximation to the Binomia distribution
having the same mean. If abinomial distribution has alarge, n (n>50) and asmall p
(p<0.1), then the probabilities of 0, 1, 2, ... successes given by a Poison distribution
with parameter 1 = np approximates well to the true probabilities given by the

defined binomial distribution.

Handout 4

4. Uniform
Define the probability density function, such that al pointsin the interval (a,b) have
an equal likelihood of occurring,

1
—— as<x<b
f(X)=<b-a
0 elsewhere

Thisisavalid probability density function as:
t 51 1% 1 p
f(X)dx=|——dx=—|1ldx=—-|x =1
~£ ) -[b—a b—a:!: b—a[ ‘a
4.1 Mean
b l b l ) b l . ,
E(X)=‘£xf(x)dx=a£xdx=ﬁ[x 19, == [b*/12-a%12]

_(b—a)(b+a) b+a

2(b-a) 2
4.2 Variance
V(X) = E(X?*)~E(X)*
b1

-5 [b3/3—a3/3]

b b
E(X2)=Ix2f(x)dx=F:Ix2dx=r:[f/3 -

_(0*-a%)  (b*+a%)(b-a)+ab(b-a) (b*+a’)+ab
" 3(b-a) 3(b-a) B 3

(b*+a’)+ab (b+a)’

V(X) = E(X?)-[E(X)]? =

3 4
V(X) = 4(0° +a’) +4ab—3(b° +a’ +2ab) _b?+a’-2ab _(b-a)’
12 12 12

4.3 Probability values

d d
Pc< X sd):jidxzi _d-c

<b-a b-al, b-a

6
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5. Normal Distribution

Define the probability density function

202

f(X) = (2702) ™2 exp(_(x_“)zj, < X< D

Thisisavalid probability density function as:
1(&&)*’2 exp[i_();;f)z j dx=1
athough, showing thisis non-trivial.

5.1 Mean

E(X)=u

athough, showing thisis non-trivial.

5.2 Variance

V(X)=c?

although, showing thisis non-trivial.

5.3 Probability values

P(a< X <b) :T(Znaz)’”zexp(_(%f)z X
2 (o}

and thisis non-trivial. However, statistical tables are available for the standard normal
distribution, Z, where E(Z) =0 and V(Z) =1, such that:
c _ZZ
P(Z <c) = (27) 2 j exp[7j dz
Aswe know that

P(asXsb):P(af’ls Xf”sbf")
o o o

:P(asXsb):P(ﬂszsﬂj
o o

and this can be calculated from the standard normal statistical tables as:

Pla< X <b)= P(Z sﬂ)_p(z gﬂj

o o
(see Figure 1 and Table 1).
NOTE: Asthe area under the pdf is unity, P(Z > c)=1-P(Z <c). In addition dueto

symmetry we have that P(Z <—c)=P(Z >c)=1-P(Z<c) wherec>0.

Handout 4

NOTE: If X1 and Xz are both normally distributed then any linear combination of
them is aso normally distributed.
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6. Negative exponential
Define the pdf as:

1
f(x)==e, x>0
(x) 9

Thisisavalid probability density function as:

J.Ee’x’gdx: e =-0-(-1=1
0 0

0

6.1 Mean

E(X)= I x%e’*“’dx _ |:7xe—x/9 7.[76’X/gdx:| — _xe X0 _geXlo

6.2 Variance
V(X)=E(X?)-E(X)*

E(XZ) _ J‘ nge’x“’dx = X2 X0 _oxge ¥ _2p2eX?
0

V(X)=20%-6%*=06
6.3 Probability values

a

b
P(a< X <b)= J%e’*’”dx =—ge

. =0-(-0)=0

" =0-(-20%) =267

"__p I:efb/o _

Handout 4

7. Chi-sguared distribution
Define the pdf as:

f(x)= ! (}jzx"’z’le’“2 x>0
T(/2)\ 2

Thisisavalid probability density function and is denoted as y?2, where v are the

degrees of freedom.

NOTE: N(0,)* = y? andif W ~ 5/ and these are independent, then > W = »?
i=1

7.1 Mean

E(X)=v

7.2 Variance

V(X)=E(X?)-E(X)?=2v

7.3 Probability values (see Table 3)

These are tabulated in the statistical tables.

10
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8. F-distribution
Define the pdf as:

m/2 (m-2)/2
£ = IT(m+n)/2] (mj X x>0
rm/2rn/2\ n) [1+(m/n)x]™"
Thisisavaid probability density function and is denoted as an F-distribution with
degrees of freedom m and n.

NOTE: An F distribution is formed as theratio of 2 independent chi-squared

Zim Zim
In’ g AsnoowsoF, =X0tl o2 m,

xaIn 21
8.1 Mean (for a Fmp)

distributions,

E(X)=L2 forn>2
n7

8.2 Variance (for a Fmn)
_ 2n°(m+n-2)
m(n—2)*(n—4)
8.3 Probability values (see Table 5)
These are tabulated in the statistical tables.

forn>4

V(X)

11
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9. Student t-distribution

Define the pdf as:

f(X)_l"[(n+1)/2] 1 1
L(n/2) <z L+x3/n)mo72

Thisisavalid probability density function and is denoted as a t-distribution with

degrees of freedom n.
NOTE: A t-distribution isformed as the ratio of aN(0,1) to a chi-square distribution,
N(0,2)

foln

9.1 Mean (for atn)
E(X)=0

~t,.Asn—> o sot ~N(1I.

9.2 Variance (for atn)

V(X):L forn>2
(n-2

9.3 Probability values (see Table 2)
These are tabulated in the statistical tables.

12
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Table 7 (from Statistical tables): Binomial Distribution (cont'd)

Pr(X <k)
n=8 n=9
p k=0 1 2 3 4 5 6 7 k=0 1 2 3 4 5
0.01 0.923 0.997 1.000 0.914 0.997 1.000
0.02 0.851 0.990 1.000 0.834 0987 0.999 1.000
0.03 0.784 0978 0.999 1.000 0.760 0972 0.998 1.000
0.04 0.721 0962 0.997 1.000 0.693 0952 0.996 1.000
0.05 0.663 0.943 0.994 1.000 0.630 0929 0.992 0.999 1.000
0.06 ]|0.610 0.921 0.990 0.999 1.000 0573 0902 0.986 0.999 1.000
0.07 0.560 0.897 0.985 0.999 1.000 0.520 0.873 0.979 0.998 1.000
0.08 ||0.513 0.870 0.979 0.998 1.000 0.472 0842 0.970 0.996 1.000
0.09 0470 0842 0.971 0.997 1.000 0428 0809 0.960 0.994 0.999 1.000
0.10 0430 0.813 0.962 0.995 1.000 0.387 0775 0.947 0.992 0.999 1.000
0.11 0.394 0.783 0.951 0.993 0.999 1.000 0.350 0.740 0.933 0.988 0.999 1.000
0.12 0.360 0.752 0.939 0.990 0.999 1.000 0.316 0.705 0.917 0.984 0.998 1.000
0.13 0.328 0.721 0.926 0.987 0.999 1.000 0.286 0.670 0.899 0.979 0.997 1.000
0.14 ]|0.299 0.689 0.911 0.983 0.998 1.000 0.257 0634 0.880 0.973 0.996 1.000
0.15 0.272 0.657 0.895 0.979 0.997 1.000 0.232 0599 0.859 0.966 0.994 0.999
0.16 |]|0.248 0.626 0.877 0973 0.996 1.000 0.208 0565 0.837 0.958 0.993 0.999
0.17 0.225 0594 0.859 0.967 0.995 1.000 0.187 0532 0.814 0.949 0.990 0.999
0.18 0.204 0563 0.839 0.960 0.993 0.999 1.000 0.168 0499 0.790 0.938 0.988 0.998
0.19 0.185 0533 0.819 0.952 0.992 0.999 1.000 0.150 0467 0.764 0.927 0.984 0.998
0.20 0.168 0503 0.797 0.944 0990 0.999 1.000 0.134 0436 0.738 0.914 0.980 0.997
0.21 0.152 0474 0.775 0.934 0987 0.998 1.000 0.120 0407 0.711 0901 0976 0.996
0.22 0.137 0446 0.751 0.924 0.984 0.998 1.000 0.107 0378 0.684 0.886 0.971 0.995
0.23 0.124 0419 0.728 0.912 0981 0.997 1.000 0.095 0351 0.657 0.870 0965 0.994
0.24 0.111 0392 0.703 0.900 0.977 0.997 1.000 0.085 0325 0.629 0.852 0.958 0.992
0.25 ]|0.100 0.367 0.679 0.886 0.973 0.996 1.000 0.075 0300 0.601 0.834 0951 0.990
0.26 0.090 0.343 0.653 0.872 0968 0.995 1.000 0.067 0277 0573 0.815 0943 0.988
0.27 0.081 0319 0.628 0.857 0962 0.994 0.999 1.000 ||0.059 0.255 0.545 0.795 0.934 0.985
0.28 ||0.072 0.297 0.603 0.841 0.956 0.992 0.999 1.000 [|0.052 0.234 0.517 0.774 0.924 0.982
0.29 0.065 0276 0577 0824 0949 0.991 0.999 1.000 ||0.046 0.214 0.490 0.752 0913 0.979
0.30 ||0.058 0.255 0.552 0.806 0.942 0.989 0.999 1.000 {|0.040 0.196 0.463 0.730 0.901 0.975
0.31 0.051 0236 0526 0.787 0934 0.987 0.998 1.000 ||0.035 0.179 0.436 0.706 0.888 0.970
0.32 0.046 0218 0501 0.768 0925 0.984 0.998 1.000 ||0.031 0.163 0.411 0.683 0.875 0.965
0.33 0.041 0201 0476 0.748 0915 0.981 0.998 1.000 ||0.027 0.148 0.385 0.658 0.860 0.960
0.34 0.036 0.184 0.452 0.728 0905 0.978 0.997 1.000 ||0.024 0.134 0.361 0.634 0.845 0.953
0.35 ||0.032 0.169 0.428 0.706 0.894 0.975 0.996 1.000 {|0.021 0.121 0.337 0.609 0.828 0.946
0.36 ||0.028 0.155 0.404 0685 0.882 0971 0.996 1.000 {|0.018 0.109 0.314 0584 0.811 0.939
0.37 0.025 0.141 0.381 0.663 0869 0.966 0.995 1.000 ||0.016 0.098 0.292 0.558 0.793 0.930
0.38 ||0.022 0.129 0.359 0.640 0.856 0.961 0.994 1.000 {|0.014 0.088 0.271 0533 0.774 0.921
0.39 0.019 0117 0.337 0.617 0841 0.956 0.993 0.999 ||0.012 0.079 0.251 0.508 0.754 0.911
0.40 0.017 0106 0.315 0594 0826 0.950 0.991 0.999 ||0.010 0.071 0.232 0.483 0.733 0.901
041 0.015 0.096 0.295 0.571 0810 0.944 0.990 0.999 ||0.009 0.063 0.213 0.458 0.712 0.889
0.42 0.013 0.087 0.275 0.547 0794 0.937 0.988 0.999 ||0.007 0.056 0.196 0.433 0.690 0.877
0.43 0.011 0.078 0.256 0524 0.776 0.929 0.986 0.999 ||0.006 0.049 0.180 0.409 0.668 0.863
0.44 ]|0.010 0.070 0.238 0500 0.758 0.921 0.984 0.999 [|0.005 0.044 0.164 0.385 0.645 0.849
0.45 0.008 0.063 0.220 0.477 0.740 0.912 0.982 0.998 ||0.005 0.039 0.150 0.361 0.621 0.834
0.46 |]|0.007 0.057 0.203 0.454 0.720 0.902 0.979 0.998 [|0.004 0.034 0.136 0.339 0.598 0.818
0.47 0.006 0.050 0.187 0.431 0700 0.891 0.976 0.998 ||0.003 0.030 0.123 0.316 0573 0.801
0.48 0.005 0.045 0.172 0.408 0.680 0.880 0.973 0.997 ||0.003 0.026 0.111 0.295 0549 0.784
0.49 0.005 0.040 0.158 0.385 0.658 0.868 0.969 0.997 ||0.002 0.023 0.100 0.274 0525 0.765
0.50 0.004 0035 0.145 0.363 0637 0.855 0.965 0.996 ||0.002 0.020 0.090 0.254 0500 0.746
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Table 8 (from Statistical Tables): Poisson Distribution

Pr(X <k)
A k=0 1 2 3 4 5 6 7 8 9 10
01 |[0.905 0995 1.000 1.000
02 |[0.819 0982 0.999 1.000
03 |[0741 0963 0.996 1.000
04 |l0670 0938 0.992 0.999 1.000
05 |l0.607 0910 0.986 0.998 1.000
06 |l0549 0878 0977 0.997 1.000
0.7 |l0497 0844 0966 0.994 0999 1.000
08 |[0449 0809 00953 0.991 0999 1.000
09 [|lo407 0772 0937 0.987 0998 1.000
1.0 ||o368 0736 0.920 0.98L 0.996 0.999 1.000
11 ||o.333 0699 0.900 0974 0.995 0.999 1.000
12 ||o301 0663 0.879 0.966 0.992 0.998 1.000
13 ||o273 0627 0857 0957 0.989 0.998 1.000
14 ||o.247 0592 0.833 0946 0.986 0.997 0.999 1.000
15 ||o223 0558 0.809 0934 0981 0.996 0.999 1.000
16 ||o202 0525 0783 0921 0976 0.994 0.999 1.000
17 ||o.183 0493 0.757 0907 0.970 0.992 0.998 1.000
18 ||o.165 0463 0731 0.891 0.964 0.990 0.997 0.999 1.000
19 ||o.150 0434 0704 0875 0.956 0.987 00997 0.999 1.000
20 |[0.135 0406 0677 0.857 0947 0.983 0.995 0.999 1.000
21 |l0122 0380 0650 0.839 0938 0.980 0.994 0.999 1.000
22 |l0111 0355 0623 0.819 0928 0975 0993 0.998 1.000
23 |l0.100 0331 059 0.799 0916 0.970 0.991 0.997 0.999 1.000
24 |l0091 0308 0570 0.779 0904 0.964 0.988 0997 0.999 1.000
25 |l0.082 0287 0544 0.758 0891 0.958 0.986 0.996 0.999 1.000
26 ||0074 0267 0518 0.736 0877 0951 0983 0995 0.999 1.000
27 ||0.067 0249 0494 0714 0863 0943 0979 0993 0.998 0.999 1.000
28 ||0061 0231 0469 0.692 0848 0935 0976 0992 0998 0.999 1.000
29 [||0055 0215 0446 0.670 0.832 0926 0971 0990 0.997 0.999 1.000
30 [|0050 0199 0423 0.647 0815 0916 0966 0988 0.996 0.999 1.000
31 [|l0045 0185 0401 0.625 0798 0.906 0961 0986 0.995 0.999 1.000
32 |lo041 0171 0380 0.603 0.781 0.895 0955 0.983 0.994 0.998 1.000
33 |[0037 0159 0.359 0580 0763 0.883 0.949 0980 0.993 0.998 0.999
34 ||0033 0147 0340 0558 0.744 0871 0942 0977 0992 0.997 0.999
35 [|0030 0136 0321 0537 0725 0.858 0935 0973 0990 0.997 0.999
36 [[0027 0126 0303 0515 0706 0.844 0927 0969 0988 0.996 0.999
37 ||0025 0116 0285 0494 0687 0.830 0918 0965 0986 0.995 0.998
38 [[0.022 0107 0269 0473 0668 0.816 0909 0960 0984 00994 0.998
39 [|0020 0099 0253 0453 0.648 0.801 0.899 0955 0981 0.993 0.998
40 |lo018 0092 0238 0433 0629 0785 0.889 0949 0979 0.992 0.997
41 [l0017 0085 0224 0414 0609 0.769 0879 0943 0976 0.990 0.997
42 |l0015 0078 0210 0.395 0590 0.753 0.867 0936 0972 0.989 0.996
43 [|l0014 0072 0197 0377 0570 0.737 0856 0929 0.968 0.987 0.995
44 [lo012 0066 0185 0.359 0551 0.720 0.844 0921 0.964 00985 0.994
45 [lo011 0061 0174 0.342 0532 0703 0831 0913 0960 0.983 0.993
46 [|0010 0056 0.163 0.326 0513 0.686 0818 0905 0955 0.980 0.992
47 |lo009 0052 0152 0.310 0495 0.668 0.805 0.896 0950 0.978 0.991
48 |l0o008 0048 0.143 0294 0476 0651 0791 0.887 0944 0.975 0.990
49 [l0.007 0044 0133 0279 0458 0.634 0777 0877 0938 0972 0.988
50 [|0.007 0040 0.125 0.265 0.440 0.616 0.762 0.867 0.932 0.968 0.986
14
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Table 1 (from Statistical Tables): Normal Distribution

N

Pr(Z<z)=F(2)

z [ F2) z F(2) z F(z) z F(z) z F(2) z F(2) z F(z)

0.00 0.500 || 0.50 0.691 || 1.00 0.841 || 1.50 0.933 || 2.00 0.977 || 2.50 0.994 || 3.00 0.999
0.01 0.504 || 0.51 0.695 || 1.01 0.844 || 1.51 0.934 || 2.01 0.978 || 2.51 0.994 || 3.01 0.999
0.02 0508 ||o.52 0.698 ||1.02 0846 ||1.52 0.936 ||2.02 0978 ||252 0.994 ||3.02  0.999
0.03 0.512 || 0.53 0.702 || 1.03 0.848 || 1.53 0.937 || 2.03 0.979 || 2.53 0.994 || 3.03 0.999
0.04 0516 ||Jo54 0.705 ||1.04 0851 ||1.54 0.938 ||2.04 0979 ||254 0994 ||3.04 0.999
005 0520 |Jo55  0.709 ||1.05 0853 ||1.55 0.939 ||2.05 0980 ||255 0.995 ||3.05  0.999
0.06 0.524 || 0.56 0.712 || 1.06 0.855 || 1.56 0.941 || 2.06 0.980 || 2.56 0.995 || 3.06 0.999
0.07 0528 ||o57 0.716 ||1.07 0858 ||1.57 0.942 ||2.07 0981 ||257 0.995 ||3.07  0.999
0.08 0.532 || 0.58 0.719 || 1.08 0.860 || 1.58 0.943 || 2.08 0.981 || 2.58 0.995 || 3.08 0.999
0.09 0.536 || 0.59 0.722 || 1.09 0.862 || 1.59 0.944 || 2.09 0.982 || 2.59 0.995 || 3.09 0.999
010 0540 |Jo60  0.726 ||1.10 0864 ||1.60 0.945 ||2.10 0982 ||260 0.995 ||3.10  0.999
0.11 0.544 || 0.61 0.729 || 111 0.867 || 1.61 0.946 || 2.11 0.983 || 2.61 0.995 ||3.11 0.999
012 0548 ||Jo62 0732 ||1.12 0869 ||1.62 0947 ||2.12 0983 ||262 0.99 ||3.12  0.999
013 0552 ||]o63 0.736 ||1.13 0871 ||1.63 0.948 ||2.13 0983 ||263 0.996 ||3.13  0.999
0.14 0.556 || 0.64 0.739 || 1.14 0.873 || 1.64 0.949 || 2.14 0.984 || 2.64 0.99 ||3.14 0.999
015 0560 ||o65 0.742 ||1.15 0875 ||1.65 0.951 ||215 0984 ||265 0.996 ||3.15  0.999
0.16 0.564 || 0.66 0.745 || 1.16 0.877 || 1.66 0.952 || 2.16 0.985 || 2.66 0.996 || 3.16 0.999
0.17 0.567 || 0.67 0.749 || 1.17 0.879 || 1.67 0.953 || 2.17 0.985 || 2.67 0.99 ||3.17 0.999
018 0571 |Jo68 0.752 ||1.18 0881 ||1.68 0.954 ||2.18 0985 ||268 0.996 ||3.18  0.999
0.19 0.575 || 0.69 0.755 || 1.19 0.883 || 1.69 0.954 || 2.19 0.986 || 2.69 0.99 ||3.19 0.999
020 0579 ||]o.70 0.758 ||1.20 0885 ||1.70  0.955 ||2.20 0986 ||270 0.997 ||3.20  0.999
021 0583 ||071 0761 ||[1.21 0887 ||1.71 0.956 ||221 0986 ||271 0997 ||3.21  0.999
0.22 0.587 || 0.72 0.764 || 1.22 0.889 || 1.72 0.957 || 2.22 0.987 || 2.72 0.997 || 3.22 0.999
023 0591 ||]0o.73 0.767 ||1.23 0891 ||1.73  0.958 ||2.23 0987 ||273 0.997 ||3.23  0.999
0.24 0.595 || 0.74 0.770 || 1.24 0.893 || 1.74 0.959 || 2.24 0.987 || 2.74 0.997 || 3.24 0.999
0.25 0.599 || 0.75 0.773 || 1.25 0.894 || 1.75 0.960 || 2.25 0.988 || 2.75 0.997 || 3.25 0.999
026 0603 ||]0.76  0.776 ||1.26 0.89 ||1.76  0.961 ||2.26 0988 ||276  0.997 ||3.26  0.999
0.27 0.606 || 0.77 0.779 || 1.27 0.898 || 1.77 0.962 || 2.27 0.988 || 2.77 0.997 || 3.27 0.999
028 0610 |J0.78 0.782 ||1.28 0900 ||1.78 0.962 ||2.28 0989 ||278 0.997 ||3.28  0.999
029 0614 |J0.79 0785 ||1.29 0901 ||1.79 0.963 ||229 0989 ||279 0997 ||3.29  0.999
0.30 0.618 || 0.80 0.788 || 1.30 0.903 || 1.80 0.964 || 2.30 0.989 || 2.80 0.997 || 3.30 1.000
031 0622 |Jo.81 0.791 ||1.31 0905 ||1.81 0.965 ||2.31 0990 ||281 0.998 ||3.31  1.000
0.32 0.626 || 0.82 0.794 || 1.32 0.907 || 1.82 0.966 || 2.32 0.990 || 2.82 0.998 || 3.32 1.000
0.33 0.629 || 0.83 0.797 || 1.33 0.908 || 1.83 0.966 || 2.33 0.990 || 2.83 0.998 || 3.33 1.000
034 0633 ]|084 0.800 ||1.34 0910 ||1.84 0.967 ||2.34 0990 [||284 0998 ||3.34  1.000
0.35 0.637 || 0.85 0.802 || 1.35 0.911 || 1.85 0.968 || 2.35 0.991 || 2.85 0.998 || 3.35 1.000
036 0641 |]|]0.86 0.805 ||1.36 0913 ||1.86 0.969 ||2.36 0991 ||286 0.998 ||3.36  1.000
037 0644 ||]0o.87 0.808 ||1.37 0915 ||1.87 0.969 ||2.37 0991 ||287 0.998 ||3.37  1.000
0.38 0.648 || 0.88 0.811 || 1.38 0.916 || 1.88 0.970 || 2.38 0.991 || 2.88 0.998 || 3.38 1.000
039 0652 ||]0.89 0813 |[1.39 0918 ||1.89 0.971 ||239 0992 ||289 0.998 ||3.39  1.000
0.40 0.655 || 0.90 0.816 || 1.40 0.919 || 1.90 0.971 || 2.40 0.992 || 2.90 0.998 || 3.40 1.000
0.41 0.659 |] 0.91 0.819 || 141 0.921 |[1.91 0.972 || 2.41 0.992 || 2.91 0.998 || 3.41 1.000
042 0663 ||092 0821 ||[142 0922 ||1.92 0973 ||242 0992 ||292 0998 ||342  1.000
0.43 0.666 || 0.93 0.824 || 1.43 0.924 |[1.93 0.973 || 2.43 0.992 || 2.93 0.998 || 3.43 1.000
044 0670 ||094 0826 ||144 0925 ||1.94 0974 ||244 0993 ||294 0998 ||344  1.000
045 0674 ||095 0.829 ||145 0926 ||1.95 0.974 ||245 0993 ||295 0.998 ||345  1.000
0.46 0.677 || 0.96 0.831 || 1.46 0.928 || 1.96 0.975 || 2.46 0.993 || 2.96 0.998 || 3.46 1.000
047 0681 ||097 0834 ||147 0929 ||1.97 0976 ||247 0993 ||297 0.999 ||347  1.000
0.48 0.684 |] 0.98 0.836 || 1.48 0.931 || 1.98 0.976 || 2.48 0.993 || 2.98 0.999 || 3.48 1.000
0.49 0.688 || 0.99 0.839 || 1.49 0.932 || 1.99 0.977 || 2.49 0.994 || 2.99 0.999 || 3.49 1.000
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Calculating the probabilty Pr[(a-p)/e>z>(b-p)/c]

0.45

0.4

0.35

03

0.25

= Pr(z>(a-m)/s)
= L Pr(z>(b-m)/s)

0.2

0.15

0.1

0.05

0

(awlo
\% 0.995 0.99 0.975 0.95 0.9 0.1 0.05 0.025 0.01 0.005
1 0.00 0.00 0.00 0.00 0.02 271 3.84 5.02 6.63 7.88

2 0.01 0.02 0.05 0.10 0.21 4.61 5.99 7.38 9.21 10.60
3 0.07 0.11 0.22 0.35 0.58 6.25 7.81 9.35 11.34 12.84
4 0.21 0.30 0.48 0.71 1.06 7.78 9.49 11.14 13.28 14.86
5 0.41 0.55 0.83 1.15 1.61 9.24 11.07 12.83 15.09 16.75
6 0.68 0.87 124 164 2.20 10.64 12.59 14.45 16.81 18.55
7 0.99 124 1.69 217 2.83 12.02 14.07 16.01 18.48 20.28
8 1.34 1.65 218 2.73 3.49 13.36 15.51 17.53 20.09 21.95
9 1.73 2.09 270 3.33 417 14.68 16.92 19.02 21.67 23.59
10 2.16 2.56 325 3.94 4.87 15.99 18.31 20.48 2321 25.19
11 2.60 3.05 3.82 457 5.58 17.28 19.68 21.92 24.72 26.76
12 3.07 357 4.40 5.23 6.30 18.55 21.03 23.34 26.22 28.30
13 357 411 5.01 5.89 7.04 19.81 22.36 24.74 27.69 29.82
14 4.07 4.66 5.63 6.57 7.79 21.06 23.68 26.12 29.14 31.32
15 4.60 5.23 6.26 7.26 8.55 2231 25.00 27.49 30.58 32.80
16 514 581 6.91 7.96 9.31 2354 26.30 28.85 32.00 34.27
17 5.70 6.41 7.56 8.67 10.09 24.77 27.59 30.19 3341 35.72
18 6.26 7.01 8.23 9.39 10.86 25.99 28.87 31.53 34.81 37.16
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6.84

7.43

8.03

8.64

9.26

9.89

10.52
11.16
11.81
12.46
13.12
13.79
14.46
1513
15.82
16.50
17.19
20.71
24.31
27.99
35.53
43.28
51.17
59.20
67.33

7.63

8.26

8.90

9.54

10.20
10.86
11.52
12.20
12.88
13.56
14.26
14.95
15.66
16.36
17.07
17.79
18.51
22.16
25.90
29.71
37.48

53.54
61.75
70.06

8.91

9.59

10.28
10.98
11.69
12.40
13.12
13.84
14.57
1531
16.05
16.79
17.54
18.29
19.05
19.81
20.57
24.43
28.37
32.36
40.48
48.76
57.15
65.65
74.22

10.12
10.85
11.59
12.34
13.09
13.85
14.61
15.38
16.15
16.93
17.71
18.49
19.28
20.07
20.87
21.66
22.47
26.51
30.61
34.76
43.19
51.74
60.39
69.13
77.93

11.65
12.44
13.24
14.04
14.85
15.66
16.47
17.29
18.11
18.94
19.77
20.60
21.43
22.27
2311
23.95
24.80
29.05
33.35
37.69
46.46
55.33
64.28
73.29
82.36

27.20
28.41
29.62
30.81
32.01
33.20
34.38
35.56
36.74
37.92
39.09
40.26
41.42
42.58
43.75
44.90
46.06
51.81
57.51
63.17
74.40
85.53
96.58
107.57
118.50

30.14
3141
32.67
33.92
35.17
36.42
37.65
38.89
40.11
41.34
42.56
43.77
44.99
46.19
47.40
48.60
49.80
55.76
61.66
67.50
79.08
90.53
101.88
11315
124.34

32.85
34.17
35.48
36.78
38.08
39.36
40.65
41.92
43.19
44.46
45.72
46.98
48.23
49.48
50.73
51.97
53.20
59.34
65.41
71.42
83.30
95.02
106.63
118.14
129.56

36.19
37.57
38.93
40.29
41.64
42.98
44.31
45.64
46.96
48.28
49.59
50.89
52.19
53.49
54.78
56.06
57.34
63.69
69.96
76.15
88.38
100.43
112.33
124.12
135.81

38.58
40.00
41.40
42.80
44.18
45.56
46.93
48.29
49.64
50.99
52.34
53.67
55.00
56.33
57.65
58.96
60.27
66.77
73.17
79.49
91.95
104.21
116.32
128.30
140.17
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Table5 (from Statigtical Tables): F-distribution (o0 = 0.05)
V- V2
Pr(X>F' )=«
Vi
2 1 2 3 4 5 6 7 8 9 10
1 16155 199.71 21595 224.84 23042 23425 237.04 23916 240.82 24216
2 18.51 19.00 19.16 19.25 19.30 19.33 19.35 19.37 19.38 19.40
3 10.13 9.55 9.28 9.12 9.01 8.94 8.89 8.85 8.81 8.79
4 7.71 6.94 6.59 6.39 6.26 6.16 6.09 6.04 6.00 5.96
5 6.61 5.79 541 5.19 5.05 4.95 4.88 4.82 4,77 4.73
6 5.99 5.14 4.76 4.53 4.39 4.28 4.21 4.15 4.10 4.06
7 5.59 4.74 4.35 4,12 3.97 3.87 3.79 3.73 3.68 3.64
8 5.32 4.46 4.07 3.84 3.69 3.58 3.50 3.44 3.39 3.35
9 5.12 4.26 3.86 3.63 3.48 3.37 3.29 3.23 3.18 3.14
10 4.96 4.10 3.71 3.48 3.33 3.22 314 3.07 3.02 2.98
11 4.84 3.98 3.59 3.36 3.20 3.09 3.01 2.95 2.90 2.85
12 4.75 3.89 3.49 3.26 311 3.00 291 2.85 2.80 2.75
13 4.67 381 341 3.18 3.03 2.92 2.83 2.77 271 2.67
14 4.60 3.74 3.34 311 2.96 2.85 2.76 2.70 2.65 2.60
15 4.54 3.68 3.29 3.06 2.90 2.79 271 2.64 2.59 2.54
16 4.49 3.63 3.24 3.01 2.85 2.74 2.66 2.59 254 2.49
17 4.45 3.59 3.20 2.96 2.81 2.70 2.61 2.55 2.49 2.45
18 4.41 3.55 3.16 2.93 2.77 2.66 2.58 251 2.46 241
19 4.38 3.52 3.13 2.90 2.74 2.63 254 2.48 2.42 2.38
20 4.35 3.49 3.10 2.87 271 2.60 251 2.45 2.39 2.35
21 4.32 347 3.07 2.84 2.68 257 249 242 2.37 2.32
22 4.30 344 3.05 2.82 2.66 2.55 2.46 2.40 2.34 2.30
23 4.28 342 3.03 2.80 2.64 2.53 244 2.37 2.32 2.27
24 4.26 3.40 3.01 2.78 2.62 251 242 2.36 2.30 2.25
25 4.24 3.39 2.99 2.76 2.60 2.49 2.40 2.34 2.28 2.24
26 4.23 3.37 2.98 2.74 2.59 247 2.39 2.32 2.27 2.22
27 4.21 3.35 2.96 2.73 2.57 2.46 2.37 231 2.25 2.20
28 4.20 3.34 2.95 271 2.56 2.45 2.36 2.29 2.24 2.19
29 4.18 3.33 2.93 2.70 2.55 243 2.35 2.28 222 2.18
30 4.17 3.32 2.92 2.69 2.53 242 2.33 2.27 221 2.16
31 4.16 3.30 291 2.68 2.52 241 2.32 2.25 2.20 215
32 4.15 3.29 2.90 2.67 251 240 231 2.24 2.19 214
33 4.14 3.28 2.89 2.66 2.50 2.39 2.30 2.23 2.18 2.13
34 4.13 3.28 2.88 2.65 2.49 2.38 2.29 2.23 217 212
35 4.12 3.27 2.87 2.64 2.49 2.37 2.29 2.22 2.16 211
40 4.08 3.23 2.84 2.61 2.45 2.34 2.25 2.18 212 2.08
45 4.06 3.20 281 2.58 242 231 222 215 2.10 2.05
50 4.03 3.18 2.79 2.56 2.40 2.29 2.20 2.13 2.07 2.03
60 4.00 3.15 2.76 2.53 2.37 2.25 217 2.10 2.04 1.99
120 |3.92 3.07 2.68 245 2.29 2.18 2.09 2.02 1.96 191
0 3.84 3.00 2.60 2.37 221 2.10 2.01 1.94 1.88 1.83
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Table 2 (from Statistical Tables): Student t-distribution

1-a
t v,
Pr(X>t,,)=«a
o
\% 0.10 0.05 0.025 0.01 0.005
1 3.078 6.314 12.706 31.821 63.657
2 1.886 2.920 4.303 6.965 9.925
3 1.638 2.353 3.182 4541 5.841
4 1.533 2132 2.776 3.747 4.604
5 1.476 2.015 2571 3.365 4.032
6 1.440 1.943 2.447 3.143 3.707
7 1.415 1.895 2.365 2.998 3.499
8 1.397 1.860 2.306 2.896 3.355
9 1.383 1.833 2.262 2.821 3.250
10 1.372 1.812 2.228 2.764 3.169
11 1.363 1.796 2.201 2.718 3.106
12 1.356 1.782 2.179 2.681 3.055
13 1.350 1.771 2.160 2.650 3.012
14 1.345 1.761 2.145 2.624 2977
15 1.341 1.753 2131 2.602 2.947
16 1.337 1.746 2.120 2.583 2.921
17 1.333 1.740 2.110 2.567 2.898
18 1.330 1.734 2.101 2.552 2.878
19 1.328 1.729 2.093 2.539 2.861
20 1.325 1.725 2.086 2.528 2.845
21 1.323 1.721 2.080 2.518 2.831
22 1.321 1.717 2.074 2.508 2.819
23 1.319 1.714 2.069 2.500 2.807
24 1.318 1.711 2.064 2.492 2.797
25 1.316 1.708 2.060 2.485 2.787
26 1.315 1.706 2.056 2.479 2.779
27 1.314 1.703 2.052 2.473 2771
28 1.313 1.701 2.048 2.467 2.763
29 1.311 1.699 2.045 2.462 2.756
30 1.310 1.697 2.042 2.457 2.750
31 1.309 1.696 2.040 2453 2.744
32 1.309 1.694 2.037 2.449 2.738
33 1.308 1.692 2.035 2.445 2.733
34 1.307 1.691 2.032 2.441 2.728
35 1.306 1.690 2.030 2.438 2.724
40 1.303 1.684 2.021 2423 2.704
45 1.301 1.679 2.014 2.412 2.690
50 1.299 1.676 2.009 2.403 2.678
60 1.296 1671 2.000 2.390 2.660
70 1.294 1.667 1.994 2.381 2.648
80 1.292 1.664 1.990 2.374 2.639
0 1.291 1.662 1.987 2.368 2.632
100 1.290 1.660 1.984 2.364 2.626
o 1.282 1.645 1.960 2.327 2.576

Special Distributions - Examples
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1. A largebatch of clay potsis moulded and fired. After firing, arandom sample

of 10 potsisinspected for flaws before glazing, decoration and final firing. If
20% of potsin the batch have flaws, calculate the probability that the random
sample contains:. (a) no pots with flaws, (b) exactly one pot with aflaw, (c)
exactly two pots with flaws, (d) less than three pots with flaws.

Answer

X ~B(10,0.2)

(& Pr(X =0)=0.2°0.8" =0.107, (b) Pr(X =1)=10(0.2)0.8° = 0.268

(©) Pr(X =2)=45(0.2%)0.8° = 0.302

(d) Pr(X<2)=Pr(X=0)+Pr(X =1 +Pr(X =2) =0.678 (from Statistical Tables)

2 A manufacturer sets up a‘double sampling’ scheme as follows. A sample of 8
itemsistaken from alarge lot ready for dispatch to customers. If there are no
defectives, thelot is accepted and if there are 3 or more defectives, thelot is
rejected. If thereiseither 1 or 2 defectivesin the sample, a second sampleis
taken from the same lot, and the lot is rejected only if there are 3 or more
defectives in the 2 samples combined. 12% of items are defective. (a) What
proportion of lots will be accepted using only a single sampling scheme (with
3 or more defectives per sample causing alot rejection, (b) What proportion of
lots will be accepted using the ‘ double sampling’ scheme.

Answer

@ Pr(X<2)=Pr(X=0)+Pr(X =D +Pr(X=2)

As X ~B(8,0.12), then Pr(X <2)=0.939.

(b) Proportion of rejectionsis

Pr(X,23)+Pr(X, =1).Pr(X, > 2)+Pr(X, =2).Pr(X, >1)
Pr(X,=3)+Pr(X, =1.[1-Pr(X, <]+ Pr(X, = 2).[1-Pr(X, = 0)]
0.061+ 0.392(0.248) + 0.187(0.64) = 0.278.

Therefore proportion of acceptances=0.722.
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3. A large batch of itemsis known to have a proportion 0.03 defective. If a

(b) Pr(X >1960) = Pr( X 2040 > 1960~ 2040

j =Pr(z>-1.33) =0.908

sample of 200 is taken, what is the probability that the sample will contain (a) 60

no defectives, (b) 4 defectives or less, () more than 5 defectives. 6. If the random variables X1, Xz, and Xz are distributed as y7, x2 and xf,
Answer respectively, find the distribution of (&) Xi+Xz, (b) X1+Xa.
Poisson approximation to binomial distribution. Answer

X ~ B(200,0.03) ~ X ~ P(200(0.03)) @ 72.(0) 1
67 11
0
@ Pr(X =0)= %eﬁ —0.0025
' 7. Usethe chi-squared tables such that (8) Pr(yZ >19.02) = p, (b)
(b) Pr(X<4)=Pr(X=0)+Pr(X =) +Pr(X =2)+Pr(X =3)+Pr(X = 4)
o . . Pr(2 > 24.43) = p, () Pr(z2 > ) = 0.005, (d) Pr(z% > X) = 0.99

6
6 -6 —6 6 6 =
e + 7I e + 7' e + 7! e + 7I e =0.0025+0.0149+ 0.0446+0.0892+ 0.1339 = 0.285 AN s

Alternatively, from Statistical Tables 1 =6 and k=4. (@) 0.025, (b) 0.975, (<) 52.34, (d) 0.30.
(©

Pr(X >5)=1-Pr(X <5)=1-[Pr(X <4)+Pr(X =5)] =1-[0.285+0.161] =1-0.446 = 0.554 8. Usethe F tables such that (3) Pr(lz 5 746)=p. (b) Pr(F.0 > 279) = p. (©)
(also from Statistical Tables). 57 160

Pr(F, > x)=0.10, (d) Pr(F;5, > x) =0.05

4. A random variable, Y is N(3,16). Find the probability that avalue of Y taken at Answer
random will be negative. If 20 values are taken randomly, what is the probability that (a) 0.01, (b) 0.10, (c) 60.24, (d) 2.20
at least 3 have negative values?
Answer 8. If X ~B(3,0.667)and Y ~P(}), find, (&) Pr(X +Y =4), (b) Pr(X +Y <2)
(@ Pr(Y <0)= Pr(Y—‘:‘; < Ej — Pr(z<-0.75) = 0.227 Answer
4 4 Xand Y are independent
(b) X ~B(20,0.227) = Pr(X 23) =1-Pr(X <2) Pr(X +Y = 4) = Pr(X =0).Pr(Y = 4) + Pr(X =1).Pr(Y =3) + Pr(X =2).Pr(Y = 4)
1—(0.0058+ 0.0341+ 0.0951) = 0.865 @ +Pr(X =3).Pr(Y =1
(as Pr(X=4)=0).
5. Asaresult of tests on electric light bulbs, it was found that the lifetime of a Pr(X +Y = 4) = 0.0006+0.0136+0.0818 +0.1090 = 0.2049

particular make of bulb was distributed normally, with a mean of 2040 hours ®) Pr(X+Y <2)=Pr(X =0).Pr(Y =0) + Pr(X =0).Pr(Y =2) + Pr(X =0).Pr(Y =2)

and standard deviation of 60 hours. What proportion of bulbs can be expected +Pr(X =1).Pr(Y = 0) + Pr(X =1).Pr(Y =1) + Pr(X = 2).Pr(Y = 0)

to burn (&) For more than 2150 hours, (b) for more than 1960 hours? Pr(X +Y <2)=0.0136+0.0136+ 0.0068+ 0.0817 + 0.0817 + 0.1635 = 0.3611
Answer
(@ Pr(X > 2150) = Pr( X _6?40 > 215065_0204‘)) — Pr(z>1.83) =0.034 Binomial Distribution

Binomial expansion of (x+y)¢
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d Coefficients on the binomial expansion of (x+y)4

1 X y

2 X2 2xy Y d

3 X 3y 3y y’ 1 G 1Co

4 x* 43y 6x%y° 4xy° y 2 ,C, ,C, ,Co

5 X 5x'y 103y | 10x%° | 5xy* Y 3 C C C C

6 X 6%y | 154y | 20%° | 158/ | 6xS % 33 Shtd sv1 | 3o

7 X’ 7x8y 21x5y2 35y B | 2 > y’ 4 4Cs 4Cs Gy .G 4Co

8 8 8xy | 28¢y% | 56x° | 704y | 565 | 283 | 8y | Y 5 .C, .C, .C, .C, C, | <Co

10 10% | 4582 | 120x'y° | 210x8y* | 25285 | 210x4F | 120x%y" | 45x3F | 10xy° | y° 00 08 0 03 02 LCE B

7 7C7 7CG 7C5 7C4 7C3 7C2 7C1 7C0

Coefficients on the binomial expansion of (x+y)d 8 sCs +C7 sCs Cs :Cs sCs sC, sC1 sCo

d 9 9C9 9C8 9C7 QCG QCS 9C4 QCS QCZ 9C1 9C0

1 1 1 10 10 ClD 10 Cg 10 CB 10 C7 10 CG 10 CS 10 C4 10 C3 10 CZ 10 Cl 10 C0

2 1 2 1

3 1 3 3 1

a 1 4 6 4 1

5 1 5 10 10 5 1

6 1 6 15 20 15 6 1

7 1 7 21 35 35 21 7 1

8 1 8 28 56 70 56 28 8 1

9 1 9 36 84 126 126 84 36 9 1

10 10 45 120 210 252 210 120 45 10 1
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STATISTICAL TECHNIQUESB

Central Limit Theorem

1. Introduction
Many random variables can be characterised as either the sum or the average of afairly

large number of independent random variables. Let, X,, X,,... X, , be nindependent

random variables having identical distributions with mean, u, and variance, o. Denote
their sum by:
X=X +X,+...+ X,
Now we know that from Appendix 1 in Handout 5,
E(X)=E(X,+ X, +...+ X)) =E(X)) + E(X,) +...+ E(X,) =nu
V(X)=V(X + X, +...+ X)) =V(X)+V(X,) +...+V(X,)
+2cov(X,, X,) +200v( X, X;) +...+2cov(X, ,X,) =nc’
% Ty S S
The central limit theorem states, that whatever the distribution of X; (provided that o2 is
finite) as the number of termsin the sum become large, the distribution of X tendsto a
normal distribution, that is,

X —a) N(nu,nc?).

Therefore the normal distribution will provide a satisfactory approximation to the true
distribution for many statistical problems as these involve either sums or averages. This
results applies regardless of whether the underlying distribution is continuous and
symmetric like the uniform distribution, continuous and asymmetric like the chi-squared
distribution, or even discrete such as the Binomial distribution. In fact, figures 1-5 show
the shape of Binomial distribution when n=1, n=3, n=10, n=30 and n=100 —it is clear by
the last graph (n=100) the distribution of thetrial is normal.

Handout 5

2. Normal approximation to the Binomial distribution

If nindependent trial, each with probability of success, p, are carried out, then the
number X of successes resulting has a Binomial distribution, with mean, E(x) =np and
variance, V(x) =np(1- p).

Clearly the random variable X can be written as the sum of n independent
Bernoulli random variables, that is,
X=X+ X, +...+ X,
where X; takes the value 1 with probability, p, if thei trial is a success and zero

otherwise. It therefore follows that

X — N(np,np(1- p))
This enables us to calcul ate with reasonable ease the probability that the number of

successes lies in some given range as

a-np X—np < b—np

Pla<X <b)=P < <
@ ) Jnp@-p) ~ /np@-p)  /np(L-p)

for large n. For reasonably small n afinite correction may be needed as the binomial
distribution is discrete and the normal distribution is continuous we may want to do a

continuity correction:

a-0.5-np < X—-np < b+0.5-np

P(a< X <b)=P < <
@ ) Jrp@-p) ~ np@-p) ~ Jnp@-p)
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3. Normal approximation to the Poisson distribution

L et the random variable X denote the number of occurrences of an event in a particular
interval of time and denote by A the expected number of occurrencesin that interval of
time. Then X will follow a Poisson distribution with E(X) =2 and V(X)= 1. Assume
now that the mean number of occurrencesis large® and theinterval of timeis broken
down into sub-intervals of equal width asin Figure 6 below. Then the total number of
occurrences (X) is the sum of the number of occurrencesin each sub-interval, that is,
X=X +X,+..+ X,

where X; denotes the number of occurrences in the 1% sub-interval and X, the number of

occurrencesin the n sub-interval.

Figure 6: Occurrences (s) in the interval broken down into equal sub-intervals

It therefore follows that

X 5N, A)
This enables us to calculate with reasonable ease the probability that the number of

successes lies in some given range as

a-A_X-1_b-4

NN

Pa< X <b)=P

As the Poisson distribution is a discrete random distribution and the normal distribution is

continuous we may want to do a continuity correction

a-05-4 _X-2 _b+05-2
N N
JA

z

Pa< X <b)=P

L1f A issmall we cannot divide thetime interval into sufficient sub-intervals with some occurrencesin
each.
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f(x)

f(x)

0.3

Figure 3: Distribution for a binomial with p=0.7 and n=10

0.25

0.2

0.1+

0.05

Figure 2: Distribution for a binomial with p=0.7 and n=3
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Figure 5: Distribution for a binomial with p=0.7 and n=30
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Figure 4: Distribution for a binomial with p=0.7 and n=20
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Poisson Distribution

Figure 7: Poisson Distribution (lambda=1)
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Figure 9: Poisson Distribution (lambda=4)
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Figure 11: Poisson Distribution (lambda=20)
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Central Limit Theorem: Examples

r S00°0
r 100
ST0°0
rcoo
r G200
€00
r €00
¥0°0
S¥0°0

Normal Approximation to Binomial Distribution

X~B(3,0.7)
Pr(X >3)=0.343

X ~N(2.1,0.63)

Pr(X >3)=Pr(X >25)=Pr(Z > 2657—;.1) =Pr(Z >0.504) = 0.309

X~B(10,0.7)
Pr(X >7)=0.65

X ~N(7,2.0)

Pr(X >7) = Pr(X > 6.5) = Pr(Z > ?Z;) — Pr(Z > -0.345) = 0.633

X~B(20,0.7)

Pr(X >14) = 0.608

X ~N(14,4.2)

Pr(X >14) = Pr(X >13.5) = Pr(Z > 1325 1% pr(z > 0244 - 0595

X~B(30,0.7)
Pr(X >21) = 0.589

X ~N(216.3)

(00T=EPQuWe]) UONNQLISIQ UOSSIOd ZT 2inbi4

Pr(X >21) = Pr(X > 20.5) = Pr(Z > 22512]7 Pr(Z > -0.199) = 0.579

X~B(100,0.7)
Pr(X > 70) = 0.549

X ~N(70,21)

69.5-70

Pr(X > 70) = Pr(X > 69.5) = Pr(Z >
45826

) = Pr(Z >-0.109) = 0.544

X~B(200,0.7)
Pr(X >140) = 0.534

X = N(140,42)

139.5-140

Pr(X >140) = Pr(X >139.5) = Pr(Z >
6.4807

)= Pr(Z > -0.077) = 0.532

15 16
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Normal Approximation to Poisson Distribution

X~P(1)
Pr(X > 2) =0.264

X ~N@1)

Pr(X 22) = Pr(X 218) =Pr(z 22 Y _Pr(z >050) =0.309

X~P(4)

Pr(X >5)=0371

X ~N(4,4)

45-4

Pr(X >5) = Pr(X >48) =Pr(Z >~

) = Pr(Z > 0.25) = 0.401

X~P(10)

Pr(X >11) = 0417

X ~N(10,10)

105-10
31623

Pr(X >11) = Pr(X >10.5) = Pr(Z > ) = Pr(z >0.158) = 0.436
X~P(20)

Pr(X > 21) = 0.441

X = N(20,20)

Pr(X > 21) = Pr(X > 20.5) = Pr(Z > 22°=29) _ py(7 > 0.112) = 0.456

4472

X~P(30)

Pr(X > 31) = 0.452

X = N(30,30)

Pr(X >31) = Pr(X > 30.5) = Pr(Z > %) —Pr(Z >0.091) = 0.464
X~P(100)

Pr(X >101) = 0.473

X ~ N(100,100)

Pr(X >101) = Pr(X >100.5) = Pr(Z > W) = Pr(Z >0.050) =0.480

17
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STATISTICAL TECHNIQUESB

Point Estimation

1. Estimators and estimates

An estimator of apopulation parameter is arandom variable based on random
observations. Whereas an estimate is a particular realisation, or an actual value, based on

a specific sample of data points.

2. Point estimators

A POINT ESTIMATOR isafunction of the sample information and yields asingle
number. A realisationis called aPOINT ESTIMATE,

For example,

X isapoint estimator of u and X =4 isthe point estimate

% isapoint estimator of o2 and s*=0.05 isthe point estimate

P, isapoint estimator of p, and p=0.54 isthe point estimate

3. Unbiasedness
An estimator, 6, issaid to be UNBIASED if:

E(6) =0, that is, if the mean of the sampling distribution of 6 is centred on 6. The
ESTIMATORS, X, s; and p, areall unbiased:

3.1 Unbiasedness of X

E(X)=E(X,+ X, +...+ Xn)/n:%[E(Xl)Jr E(X,)+...+E(X,)]
1
:E[,u+y+...+y]:y

3.2 Unbiasedness of s%

— =l

. S =X [ - -(- 0T X0 - (X -y

n-1 n-1 n-1

Handout 6

3 (X, - ) (X~ p)?

E(s)=E| = -

n-1 =n—l

e - 1 o %o

3.3 Unbiasedness of fp,

[ﬁE(xi ~ ) —nE(X —u)ﬂ

E(py) = E(X1+X2+...+Xn)/n:%[E(Xl)+E(X2)+...+ E(X,)]

1
:E[pX + Py et Py =Py
4.Bias
Biasis defined as:
Bias(d) = E(0) -0
Consider two alternative estimators of 0, §, and 6,, based on the same information, we

say that 6, is more efficient than 6, , if V (6,) <V (4,) . One possible measure of thisis

relative efficiency constructed as: m .

V(0,)
In general if we are choosing between two unbiased estimators then we choose the
estimator with the smaller variance.

For example, consider 3 alternative estimators for the population parameter, 1,

Estimator E() \40)

X, =X, H o’

X _ (X +X,) H c?l2
2T,

< :(X1+X2+X3+...Xn) H o2/n
: n

X,=3 3 0

Last estimator is biased, but with very small variance.
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6. Mean sguareerror
How might one select between an estimator which is unbiased with alarge variance and a

biased estimator which is biased with a small variance? On solution is to use the Mean
Square Error (MSE), which is calculated as:

MSE(d) = E[(é —9)2} —V(6) + Bias(d)?

This offers a trade-off between the measure of bias and the variance.
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STATISTICAL TECHNIQUESB
Hypothesis Testing

1. Introduction

Hypothesis testing involves assessing the validity of some conjecture or
hypothesis. Within statistics some hypothesis is made about some unknown
population parameter, 0, This is referred to as the maintained or NULL
HYPOTHESIS and is denoted as Ho. If the null hypothesis is NOT true, then some
aternative is TRUE. The investigator then formulates as ALTERNATIVE
HYPOTHESIS (Hi) against which to test the null hypothesis. This aternative
hypothesis is invariably a composite hypothesis (encompassing many values of 9).
The null hypothesis is always assumed to be true until counter evidence forces us to
reject this working hypothesis.
For example,
H,:0=0, smplenull
H,:0 =0, composite 2-sided alternative
H,:0 <6, composite null H,:0>6, compositenull
H,:0 > 6, composite 1-sided aternative H,:0 <6, composite 1-sided alternative
Now any null hypothesis can be TRUE or FALSE (as the population parameter, 6, is
unknown). Based on the sample evidence we are going to draw conclusions about the
population parameters.
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2. Typesof errors
Needless to say one can clearly make errors when testing a particular hypothesis. In

particular, there are two types of errors one can make:

Type| error — Rejecting a TRUE Ho

Pr(Type | error) = « = significance level

Type Il error — Accept a FALSE Ho

Pr(Type Il error) =

Power =1- 8 = Pr(Correctly rejecting aFALSE H,)) (see Figure 1).

Suppose, we believe that that a random variable X is normally distributed with a mean
of zero and avariance of unity, that is, X ~N(0,1) and we wish to test the hypothesis
Hy:u=0

H:u>0

Now if arandomly selected individual had a value of x=1.2. Test the hypothesis that
this came from a distribution with a mean of zero.

Y ou proceed by asking the question: What is the probability of observing a number as

big as (as small as, for anegative number) the one observed, given p=07?

Pr(X >1.2) = Pr(z > @j =Pr(Z >1.2) =0.115

so there is an 11.51% chance of observing x>1.2. This probability is known as the p-
value, the probability of observing a sample mean as big (or as small) as the one
actually observed). However, the question remains:

At what point would you start to question Ho?

The answer depends on the significance level. If you are prepared to only reject Ho for
ap-vaue of say 0.001 (0.1%), then you really have alow Pr(Type | error ) —you must
strongly believe in Ho (naturally conservative). If you are prepared to reject Ho at say
0.20, then you are prepared to have a high Pr(Type | error) — naturally prepared to
overthrow prior beliefs. In statistics the significance level (the probability at which
you are prepared to reject Ho) are generally set at o = 0.01, 0.05, 0.10, that is, 1%, 5%
or 10% and this should be determined before undertaking the test. If we choose to use
a significance level of 5%, this implies that you are accepting that 1 time in 20 will
incorrectly reject Ho:

Why do we not make Pr(Type | error)~0.000? Because there is a trade-off between
type | and type Il errors. So that by choosing a very low type | error probability — that
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is, minimising the probability of rejecting a true null, you increase the probability of
accepting a false null, compare Figures 1 and 2.Do we regard this as sufficiently rare
to reject Ho?

In hypothesis testing, for a given significance level, as we are only interested
in the dichotomous decision of either rejecting, or not rejecting, Ho we do not need to
calculate the p-value, but simply calculate test statistic (z=1.2, in the example above)
and compare this to a critical value — where the critical value is that value associated
with a probability of o (significance level), under the hypothesised distribution.
Table 1: Critical values from a standard normal distribution

a Pr(X>a)
1.280 0.100
1.645 0.050
1.960 0.025
2.320 0.010
2.575 0.005

In our example as the test statistics of 1.2 isless than the critical value of 1.645 (at the

5% significance level) we would not reject Ho.
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3. Testing the mean of a normal distribution
Procedure
1. Specify anull hypothesis.

2. Specify an aternative hypothesis.

3. Choose asignificance level and corresponding critical region.

4. Cadculate the test under the null hypothesis, by calculating how far the sample
statistic is from the hypothesised value.

5. Comparethe test statistic with the critical value and formulate a decision.

Suppose X, X,,..., X,, denote a random sample of n observations from a normal

distribution with unknown mean, 1, and known variance, o*. Then, we know that

2 —
X NN[”’%} and by standardising, Z =X —H -

G/\/ﬁ

testing the hypothesis that the population mean equals p, against an aternative, e.g.

N(0,1). We are interested in

1>y, the 5-step procedureis:

L Hotp=p

2. H;:u>p,. This dternative hypothesis is a 1-sided aternative, implying we
regect Ho only when we observe a sample mean a long way above the
hypothesised value, .

3. We choose some appropriate significance level of o, and find the corresponding
critical value from a NORMAL distribution (as distribution of sample mean is
normal), denoted z, - this is the value which occurs with exactly 100x%
probability.

4. Under the null hypothesis: X ~N(u,,0/n), hence

Pr()?>¥)=Pr(Z>(X_“°)j. In which case we calculate test stetistic as

O'Ix/ﬁ

=X Ho this essentially measures how far the sample mean is from the

Z= )
cr/\/ﬁ

hypothesised population mean, 1, and scales this distance by the standard error of

the sample mean.
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5. Thenif z is greater than z, then we have observed an event which occurs with a

probability of less than o and should therefore reject Ho. The decision rule is

Reject Ho if z=2_*2 >z Do not reject Ho if z=>—

Ho
G/\/ﬁ o-/\/ﬁ

the appropriate acceptance and rejection regions)

< z,. (Figure 3 shows

If the alternative hypothesis had been H,:u<wy, (H;:p#p,), then the

corresponding critical-value would have been -z, (-z,,, and z,,,) and the decision

X—Hy

oln

rule is: Reject Ho if z=>_Ho < 7 [z:

G/x/ﬁ

X - X —
7= ,Uo>72a [Z= Ho

G/x/ﬁ O'/\/E

rejection regions).

>Z‘”2j; Do not reject Ho if

<z{1,2j (Figures 4 and 5 shows the appropriate

3.1 Variants of this basic hypothesistest case:

(1) Suppose now that X,, X,,..., X, denote arandom sample of n observations from a
distribution which is NOT NORMAL, with an unknown mean, u, but o® known. If
n>30 then by a central limit theorem (CLT) we can say that

X~ N(u,62/n)

in which case, the 5 step procedureis as above.

(2) Suppose now that X,, X,,..., X,, denote arandom sample of n observations from a
distribution which is NOT NORMAL, with & unknown but with a sample variance
of . If n>30 then by a CLT the 5-step procedure is as above, except in step 4, we

have z=>X"Ho (Question (1) in Examples)
s/vn

(3) As a specific example of the case above suppose now that X, X,,..., X, comes

from aBernoulli distribution, that is,

X |0 1
Pr(X=x) | 1-7

Handout 7

E(X)=p=r and V(X)=0’=x(1-x), with a unknown mean, u(=x), and an
unknown population variance, o (= (1-7)). If n>30 then by a CLT and under the
null hypothesis H,: = 7,, X z N(rq,7m,(1-7,)/ N) thenthe test statisticinstep 4 is

z= ﬂ. (Question (2) in Examples).

- Jro=m,)/n

(4) Suppose now that X, X,,..., X, denote arandom sample of n observations from a

distribution which is NORMAL, with unknown o and sample variance equal to s .

Then X ~ N(u,c?/n), implying

X-u
N N(0,1)

and (n;ilz)si ~ %2, Inwhich case

X—pu

c/+/n _ X-—p _N@©O) _

(n—l)si B S>2< /\/ﬁ Z:—l
\/02(n—1) n-1

tnfl

where t¢'? isthe critical value from at-distribution with n-1 degrees of freedom. A t-

distribution looks similar to a normal distribution (symmetric and bell-shaped);
however, this distribution has a higher proportion of points in its tails, see Figure 6,
which compares the distributions of ats with aN(0,1).

Table 3: Normal compared with t-distributions

a Pr(X>a) | B Pr(X>b) | ¢ Pr(X>c)
Normal 2.32 0.010 1.96 0.025 1.645 0.050
t-dist(5) 2.32 0.034 1.96 0.054 1.645 0.080
t-dist(10) 2.32 0.021 1.96 0.039 1.645 0.065
t-dist(15) | 2.32 0017 [1.96 0034 [1645 |[0.060
t-dist(20) 2.32 0.016 1.96 0.032 1.645 0.058
t-dist(30) 2.32 0.014 1.96 0.030 1.645 0.055
t-dist(50) 2.32 0.012 1.96 0.028 1.645 0.053
t-dist(100) | 2.32 0.011 1.96 0.026 1.645 0.052




Handout 7

and so t, — N(0,1) . Many people argue for n>30 the t-distribution can be reasonably

well approximated by a standard normal distribution, but this is only an
approximation.
I'n which case the 5 step procedure for testing the null and aternative below is:

L Heip=u,.
2. Hiip#p,.

3. Thecritical values come from at-distribution, denoted —t,,, ., and t,,, ;.

4. Thetest statisticis t = 4o
s./vn
5. The decision rule is: Reect Ho if t=| X"t >t,/,n.0s DO NOt regject Ho if
s /~/n
=1 X=Hol ot .. (Question (3) in Examples).
s /~/n
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4. Test for the difference in means

4.1 | ndependent samples:

Assume we have two samples of size, n; and nz, on the random variables X1 and Xz,

respectively.  The sample means are X, and X, and we know that:

2 2
_01 0,

E(Xl_iz):/h_.uz andv(il_)zz)— noon

If the underlying distributions are NORMAL and the population variances are
KNOWN then:

2 2
X,—X,~N (HI_NZ'T;JrT\Zj . Inwhich case the 5-step procedure is:
2

2 2
1. Hy:p—u, =D, andso under H, Xl—X2~N[D0,61+02j
non
2. Hiiw—up,#D,
3. Thecritical valuesare —z,,, and z,,.
4. Thetest statisticis z= %2 =00
o1, %

n n

5. The decision rule is: Reject Ho if z= (% =%) = Dol z,,,; Do not reject Ho if

2 2
of o
noon

z= 7@_%)_?0 <z

P wl2*"
O o
/71+72
n o

4.1.2 Variants of the difference in means hypothesis test
(2) If the underlying distribution of X; and X2 is NOT NORMAL, and the populations

variances are KNOWN, providing n: and nx>30, we can apply a CLT and follow the

5-steps above.
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(2) If the underlying distribution of X1 and Xz is NOT NORMAL and ¢? and o7 are
UNKNOWN, then we follow the 5-step procedure above except that in step 4 we have

2= B85 Ds (Guestion (6) in Examples).

2
+
A

n,
(3) Asan example of the above if X; and X, are both Bernoulli distributions then

. a o2 o2
Xl_X2~N(/"1_Uzvni+nzj
g

1. Hy:m-n,=0 and so under H, Xl—xziN[O,”O(l_”U)+”°(l_”°)J, where
n n,

7, isthetrue overall proportion.
2. H:m-m,#0

3. Thecritical valuesare -z, and z_,,.

4. The test statistic is z= (}—%)-0 . As under Ho the population
1 1
\/( po(l_ po)("’j
n n

proportions are equal the standard error is based on p, = LAY .
n+n,

J( Byl po)(lﬂj
n n

<z,, (Question (7) in Examples).

5. Thedecision ruleis: Reject Ho if z= >z,,,; Do not reject

(4) If the underlying distribution of X1 and X2 is NORMAL and the population
variances are UNKNOWN, but EQUAL, i.e. 62 =7, then
1 Heim—u, =D,

2. Hyipy—p,# D,

Handout 7

3. The critical values are from a t-distribution, denoted -t,,, ., , and

t

ol2,(n+ny-2) *

X —%,)— “)E +(n, -1
4. Theteststatisticist=w,wheresf=(nl )8, +(n,—Ds,
N (n+n,~2)
n n

To use this test it MUST be the case that there is no evidence that the

. Note:

population variances are different.

(% —%)-D )
1 1 0 >, 2mn,-2) 0
S|t —
n n

5. Thedecisionruleis: Reject Ho if t = Do not reject

Hoif t= % <y ra(nen,2 - (Question (8) in Examples).
S, /—+—
n n

(5) If the underlying distribution of X; and X, is NORMAL and the population
variances are UNKNOWN and UNEQUAL, then

L Hoim—u, =D,
2. Hyip—p, =D,

3. Thecritical values are from a t-distribution, denoted —t,, 5,r and t,, oo -

. 2 2 2

4. Theteststatisticist:%,where DoF = ESXI nljskz "] -
s, (si/n) | (si/n)
nl nz (nl_l) (nz_l)

5. Thedecisionruleis: Reject Ho if t = t=w > 1,500 » DO NOL rgject
S S
n

2
n2

Hoif t=ft= 3822 Doy (Question (9) in Examples).
$ .

2
n o

H
3

10
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5. Test of thevariance of a distribution

To formulate a hypothesis testing on a sample variance, X, MUST be normally
(n-Ds;

distributed, X; ~ N(u,0?). In which case, w= 7% ~ x2,. Inwhich case the 5-
o

step procedureis:
1. Hy:o?=0f
2. H;:6”>0

3. Thecritical valueisfroma y-distribution, denoted %2,

n-1s2
4 y7= ( 2)Sx
Oy
_ 2
5. The decision rule is: Reject Ho if 72 ={1"DS . 2 - Do not reject Ho if
Oo

2
22={070S 2 Question (5) in Examples).

2
Oy

11
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6. Testing eguality of variances
This must be done before you can use the 4™ option from section 4.1.2 (variants of the

difference in means hypothesis test)
1 H, 10'12 = 0'22
2. H, :612 # 0'22

3. Thecritical value is from the F-distribution, denoted Fn‘fq,nfl .

2 2

2
4. Thetest statistic as F:j—z,when s, >s; (or F:% when s{ >s?).

2

2
5. The decision rule is: Reject Ho if F=i> F*. . _,; Do not relect Ho if
i n-Ln-1

2
F =% <F,. , (Question (8) in Examples).

s,

In Appendix 2, we include a reference table for the different hypothesis test formulas

for aternative distributions.

12
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7. Matched pairs
W areinterested in formulating tests about 1, — 11, when the two experiments

(X1 and X2) are undertaken with the same sample and are not therefore independent.
Given the outcomes of the two trials for the same population we form the difference

in the outcomes of the two random variables, that is, D= X,—X,. For a given

sample,

we then calculate d = i:ln and § :':171. If the underlying distribution of

X1 and Xz is normal and the population variances are unknown then:
1 Hy:iug =D,
2. H,:py =D,

3. Thecritical values from the t-distributionare —t,,, ., andt,, ;.

4. Thetest statisticas t =920
s, /</n
- o . d-D, . . .
5. The decision rule is : Regect Ho if t=—2>t_,,,,; Do not reject Ho if
sd/«/ﬁ ’
d-D
t=—2<t
Sd/\/ﬁ al2,n-1

13
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8. Calculating the power of atest
Power = Pr(Rejecting H,, | H, false) (see Figure 1). This is calculated as three steps,

for

Hotp=p,

Hitu# p,

given p=p,.

(1) Define the critical value as the point at which you just reject Ho, for example,
+z,,,?

(2) Find the sample mean, X°, corresponding to the critica value, that is,

X* = i
s/vn
=% == alz(S/\/ﬁ)Jﬁuo

=%Z,,=> % = a/z(S/\/ﬁ)‘LHov X = a/z(S/\/ﬁ)Jﬁ“o

(3) Calculate Pr(X > % | =) + Pr(X <X | = py)

:Pr(Z>L 7H1)+Pr(Z<i2 —Hy
n

s/v/n s/</n
Figure 7-9 show the effect on power as the true mean, p,, moves increasingly

further away from the null hypothesis, p,. Figure 10 shows that as p, — p,, then

power approaches the significance level, a.. (Question (4) in Examples).

14
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9. Testing correlation
H,:p(X,Y)=0

1
2.
3.

H,:p(X,Y)=0

The critical values are from the t-distribution, denoted -t , ., and t,,,, ,-

J@-r2)I(n-2)

My

My

VA1) (n-2)

The decision rule is :Reject Ho if

r)(Y

—X >t ,,,,; Donotreect Ho if
@-r2)in-2)| "

<t (Question (1) in Regression Example).

15
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Figure 3: Significance level and critical region for a one-sided alternative Hy:p>p,
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Figure 2: Pr(Type | error), Pr(Type ll error) and Power (a.=1%)
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0.45

Figure 5: Sig

cance level and critical regions for a two-sided alternative Hi: p=p,
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Figure 4: Significance level and critical region for a one-sided alternative Hy p<p,
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Figure 7: Size and Power: Ho:p=0 when p=1.0
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f(x)
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Figure 9: Size and Power: Ho:p=0 when p=2.5
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Figure 8: Size and Power: Ho:p=0 when p=1.5

Hy

0.45

0.4 4

0.35

0.3 4

0.25

0.2 q

0.15 4

0.1+

0.05

Hy

signif. level
m Power

signif. level
m Power

24

23



Handout 7
f(x)
=] ° =] ° =] o =] ° o
o & [ & o B w & 'S &
&
T
&
c
)
=
o
(9]
N
[©]
Q
>
o
x 3
=
1
T
=
x
i
o
\ =
=0
[}
=
=
1l
o
[N
I
T o
T
2
Hypothesis Testing — Examples
1. A manufacturer claims that through the use of a fuel additive, automobiles should achieve on

average an additional 3 miles per gallon of gas. A random sample of 100 automobiles was

25

Appendix 1: Handout 7

used to evaluate this product. The sample mean increase in miles per gallon achieved was 2.6
miles and a sample standard deviation was 1.8 miles per gallon. Test the null hypothesis that
the population mean is at least 3 miles per gallon. Find the p-value of this test.

Answer

NG

KNG s )= X8 N
S

Hy:u23
H,:u<3
7126280 50, P(Z <-2.22) =0.013
1.8/~/100
and so we rgject the null hypothesis at the 1.3% significance level. The probability of observing avalue

as low as 2.6 miles (assuming the null hypothesisistrue, that is, p > 3) is 1.3%.

2. A mayor in amgor city claims that in one particularly depressed neighbourhood, at least 20%
of al males between the ages of 18 and 65 are unemployed. A random sample of 120 people
from this population contained 20 unemployed people. Test the mayor’s claim.

Answer
The underlying series is a Bernoulli trial. The distribution cannot therefore be normal. Nevertheless the
distribution of the sample mean will be approximately normal as n—oo.

In particular:

X S>N(z,z(1—7)/n)

H,:m>0.2 Zy0s = —1.645
H,:7<0.2 Zy =—2.323
Now under Ho we have: = X, —a> N(0.2,0.2(0.8)/120) z= (0.1666-02) =-0.913
(0.2)(0.8)
120

and so we are unable to reject the null hypothesis at the 5% significance level.

3. A beer manufacturer claims that a new display featuring a life-size picture of a well-known
footballer will increase product sales in supermarkets by an average of 50 cases. For a random
sample of 20 supermarkets, the average sales increase was 44.3 cases with a sample standard
deviation of 12.2 cases. Test at the 5% significance level the null hypothesis that the
population mean sales increase is at least 50 cases, stating any assumptions you make.

26
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Answer
This question can only be answered if we are prepared to assume that the increase in
product sales will be normally distributed.

X ~N(u,0%/n) = (X-p) _ N(0,2)

G/x/ﬁ
we also know that
(n-0s; _
2 Xn—l
o

the greater uncertainty associated having to use the sample variance as opposed to the
unknown population variance, means that

(X-n) _,
Sx/\/ﬁ n-1

Hy: 1 >50 tiogos = —1.729

H,:u <50

(o (443-50) _
12.2/4/20

A t-value of —1.729 occurs with probability of 5%. By using a significance level of 5%, we are saying

-2.089

that an event which occurs with a probability of 5%, or less, is sufficiently rare that we should question
the assumption under which the test was undertaken. As we obtained a test statistic of —2.089 this
occurs with a probability of less than 5% and we therefore reject Ho.

4. A manufacturer claims that through the use of a fuel additive, automobiles should achieve on
average an additional 3 miles per gallon of gas. A random sample of 100 automobiles was
used to evaluate this product. The sample mean increase in miles per gallon achieved was 2.6
miles and a sample standard deviation was 1.8 miles per gallon. At the 5% significance level,
calculate the power of the test that the population mean is at least 3 miles per gallon.

Given that the true mean increase in miles per gallon is 2.0
Given that the true mean increase in miles per gallon is 2.2
Given that the true mean increase in miles per gallon is 2.4
Given that the true mean increase in miles per gallon is 2.6
Given that the true mean increase in miles per gallon is 2.8
Given that the true mean increase in miles per gallon is 2.9
Given that the true mean increase in miles per gallon is 3.0

Answer

@roo0 o

Hy:pu=3 Htu<3 Zy0s = —1.645
7o (X°-3.0) _
1.8/4/100

Power=Pr(Reject HoHo false)=Pr(Reject 1 > 3| = 2.0)

-1.645 = X° =-1.645(0.18) + 3= X° = 2.7039

27
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@ Pr(X <2.7039| 1 = 2.0) = Pr(Z < %) =Pr(Z <3.91)=1.00

(b) Pr(X <2.7039| u = 2.2) =Pr(Z < %) =Pr(Z < 2.80) =0.997
(©) Pr(X <2.7039| 1 = 2.4) = Pr(Z < %) = Pr(Z <1.69) = 0.954
(d) Pr(X <2.7039| u = 2.6) = Pr(Z < %) =Pr(Z <0.58) =0.718
(6 Pr(X <2.7039| 11 = 2.8) = Pr(Z < %) =Pr(Z <-0.53) =0.297
(®Pr(X < 2.7039| u = 2.9) = Pr(Z < %) =Pr(Z <-1.09)=0.138
(@ Pr(X <2.7039| 1 =3.0) = Pr(Z < %) = Pr(Z <-1.645) = 0.050

Power function for the test 01>3.0

’/'

3 295 29 28 28 275 27 265 26 255 25 245 24 235 23 225 22 215 21 205 2
True mean

A company produces electric devices operated by a thermostat control. The standard deviation
of the temperature at which these controls actually operate should not exceed 2°F. For a
random sample of 20 of these controls, the sample standard deviation of operating
temperatures was 2.36°F. Stating any assumptions you need to make, test at the 5%
significance level the null hypothesis that the population standard deviation is 2°F against the
alternative that it is bigger.

Answer

Assuming the underlying distribution of the temperature at which the controls operate is normal, then

we have:

28
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(n-Ds;

o2

Hy:o? =4 X005 = 30.14

2
anl

H,:0”>4

2
2192397 o e

A chi-sguared value of 30.14 occurs with probability of 5%. As we obtained a test statistic of 26.46
this occurs with a probability of more than 5% and we therefore we are unable to reject Ho.

6. The MATWES procedure was designed to measure attitudes toward women as managers.
High scores indicate negative attitudes and low scores indicate positive attitudes. Independent
random samples were taken of 151 male MBA students and 108 female MBA students. For
the former group, the sample mean and standard deviation MATWES scores were 75.8 and
19.3, while the corresponding figures for the latter group were 71.5 and 12.2. Test the
hypothesis that the two population means are equal against the alternative that the true mean
MATWES score is higher for male than for female MBA students.

Answer
The underlying series has an unknown distribution, but the sample means will both be normally
distributed

X, ~ N(/Jl,SiI/nl) and X, ~ N(,uZ,SiZ/nz)

implying:
Y Y §1 Siz
X =X;~N #1_.“2'{ n +n72
Hy:ipy—p,=0 Z,05 =1.645
Hytpy—u,>0 Zop =2.323
7o (75.8-715)-0.0 ~2103

19.3 4 12.2%

151 108

and so we are able to reject the null hypothesis at the 5% significance level, but not at the 1%

significance level..

7. Of arandom sample of 381 investment grade corporate bonds, 191 had sinking funds. Of an
independent random sample of 166 speculative-grade corporate bonds, 98 had sinking funds.
Test a 2-sided alternative against the null hypothesis that the two population proportions are
equal.

29
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Answer

The underlying series follows a Bernoulli trial and hence the distribution cannot be normal, however,

the distri

bution of the sample mean (sample proportion) will be approximately normally distributed as

n—co. In particular:

X, >Ny, 7,17, /1) and X, >N, m,(L-17,) /1)

implying:
)z1_ )zz ~N [”1_”2||:ﬂ—1(1_”l) + ”2(1_”2) :D
n n,
Hy:m,—7,=0 Zys = +1.96

Hm—-7,#0

Under Ho= X, - X, ~ N[O,{ Pod=Po) | Poll= pO)D,

n n,
nx +nx

where p, = ——-=

n+n

(0.5013- 0.5904) — 0.0 1010

\/0.5283(0.4717) , 0.5283(0.4717) -

381 166

and so we arejust unable to reject the null hypothesis at the 5% significance level.

8.

A publisher is interested in the effect on sales of university textbooks of cover design. The
publisher is planning to bring out 20 texts in the area of business and randomly chooses 10
text to have expensive designs, with the remaining texts having a plain cover. For those with
expensive cover designs average sales in the first year were 9254 with a sample standard
deviation of 2107. For books with a plain cover average first year sales were 8167, with a
standard deviation of 1681. Assuming the population distributions are normal, test the
hypothesis that the population means are equa against the alternative that the true mean is

higher for books with an expensive cover.

Answer

The underlying distribution is normal, i.e.

X, ~N(yy,0%/n) and X, ~ N(u,,02/n,)

if in addi

tion we assume the variances are equal, we have:

we also know that
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(n,+n,-2)s; 2
o Kiying-2

the greater uncertainty associated having to use the sample variance as opposed to the unknown
population variance, means that

()zl_)zz)_(;ul_;uZ) ~t

Sx [i+ij Y+, -2

n n

-9 +(n, s
where 7 = S +(n-Ds;
n+n-2

We must first test the assumption the variances are equal:
Hy ol =0? Fon’=3.18
H,:0l >0}

2
F= 21072 =1571

1681

An F value of 3.18 occurs with a probability of 5%. As we obtained a test statistic of 1.571 this occurs
with a probability of more than 5% and we therefore we are unable to reject Ho. In which case our
assumption is reasonable:

¢ _ (92107 + (91687

= 5=1905.94
18
Hoim—p,=0 ty =1734
Hyts—p,>0
= (9254-8167)-0 _1975

1905.94, /i + 1
10 10

and so we are unable to reject the null hypothesis at the 5% significance level.

9. A publisher isinterested in the effect on sales of university textbooks of cover
design. The publisher is planning to bring out 20 texts in the area of business
and randomly chooses 10 text to have expensive designs, with the remaining
texts having a plain cover. For those with expensive cover designs average
saesin the first year were 9254 with a sample standard deviation of 2107. For
books with a plain cover average first year sales were 8167, with a standard
deviation of 1081. Assuming the population distributions are normal, test the
hypothesis that the population means are equal against the aternative that the
true mean is higher for books with an expensive cover.
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Answer

The underlying distribution is normal and we have:
X, ~N(w,02/n) and X, ~ N(u,,0%/n,)
implying:

S o2 o
X=X, ~N| =y, E+n—z .

The greater uncertainty associated having to use the sample variance as opposed to

the unknown population variance, means that the distribution of the standardized

statistic will be at-distribution , but the DoF of this distribution depends on whether it

is reasonable to assume the sample variance are equal. We must first test the

assumption the variances are equal:
Hy:0f =0} Foy® =3.18
H,:07>0?

2
F =207 3799
1081

An F value of 3.18 occurs with probability of 5%. As we obtained a test statistic of
3.799 this occurs with a probability of less than 5% and we therefore reject Ho.
Consequently,

{21072 , 1087 T
(X = X) = (= p,) 10 10

s .S 2107\ o (10822) o
non 10 10

Hy:p,—p,=0 > =1.771

tor Where DoF = =13.43.

Hytp—p, >0
_ (9254-8167)-0

2107° + 1081
10 10

t =1.452

and so we are unable to reject the null hypothesis at the 5% significance level.

Hypothesis Testing Sheet
Hypothesis Testing: Test Statistics for Tests of Means
One Population

Sample Hypothesis Distrib of X o? Known
% Not Known
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Large/Small Ho =,
t= (X— o)
g/x/ﬁ
Large Ho = p,
7= (X— o)
@/«/ﬁ
Small Ho = p,
?

Two Populations

Large/Small Hoipy—p, =06
Large Hoipy—p, =06
o (’-%-9)
NERLREALY,
Large/Small Hoipy—p, =06
() ~%—9)

$4/@/n +1/n,)

(X—np)
Normal Z=
O’/\/ﬁ
(X—np)
Non-Normal zZ=
a/\/ﬁ
Non-Normal ?
Normal o (X-%-6)
J@Zin+oZin}
Non-Normal o (Kx=%-6)
Vi In+o3/n,)
Normal ---

where § ={(n,~Ds] +(n,~Ds}}/ (0, +1n,-2)

Large/Small Hoipy—p, =06 Normal --
o (’R-%-0)
J(sfl/nl+slen2)
2in+sin, |
where DOF = ; 5 [%‘ n %22 an 5
(s/m) 1 =D+( /n,) 1 (m,-D)
Small Sample Hoipy—p, =06 Non-Normal ?
?
Tests on Proportions
One Population
Hypothesis Distrib of X Test
Large sample Hy:m=m, Non-normal
7o XM
Jr=m)/n
Small sample Hy:m=m, Non-normal ?
Two Populations
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Large sample Hy:m—n,=0
,_ %-% where p, = XL,
\/po(l_ po)(]-/ nl+l/ nz) nl+n2
Small sample Hy:m—n,=0

Tests on variances

One Population
Large/Small Hy:o? =0
U= (n _1)55 .2
- 2 n-1
Oy

Two Populations

Large/Small H, :0-12 :o‘zz

— 2 /2 ~
F _le/SXZ F(nrlvnrl)

Non-normal

Non-normal

Normal

Normal
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STATISTICAL TECHNIQUESB

Confidence Intervals
1. Introduction
Confidence intervals give a range of likely values for the TRUE (but unknown)
population parameter, together with a measure of the confidence (or likelihood) that
the range contains the true value. For some unknown population parameter, 6, based
on sample data we find two values aand b, such that,
Pr{a<f<b}=1-a for O<a<1
then we can say with 100(1-«)% confidence that 6 lies in the range a to b. That
means in repeated samples, 100(1-«)% of the time, & would lie within intervals
calculated this way.
Consider aN(0,1) distribution we know that
Pr{-1.645< Z <1.645} = 0.90.
We take symmetric points around zero as this minimises the range for the interval
(compare Figures 1 and 2).
Table 1: Rangefor aN(0,1) for a90% interval

Pa A Po b range
0.05 -1.645 0.05 1.645 3.29
0.04 -1.74 0.06 1.56 3.30
0.01 -2.32 0.09 1.34 3.66

Table 2: Critical values for aN(0,1)

Cl(%) Lower limit Upper limit
0] -1.645 1.645

95 -1.96 1.96

99 -2.575 2.575

A diagrammatic illustration of thisis provided by figure 3. To be more confident of a
statement or value our degree of uncertainty or range of possible values has to

increase.

Handout 8

2. Confidence Interval for mean of a distribution

Let X, X,,...,X, denote a random sample of n observations from a normal

distribution with unknown mean, p, and known variance, o*. Then, we know that

) _
X~N y,a— and thisimplies (by standardising) that, Z = X-u ~N(0,]).
n oln
As,
Pr(—1.645< Z <1.645) = 0.9.
Therefore,
Pr(-1.645 < X-u <1.645)=0.9
. oidn <L )

Pr(-1.645(c //n) < X — 1 <1.645(c /~/n)) = 0.9
Pr(—X —1.645(c //n) < —u < — X +1.645(c //n)) =0.9

Pr(X —1.645(c /+/n) < u < X +1.645(c /+/n)) = 0.9.

D D

such that we expect the interval {)? -D, X+ D} to contain p on 90% of occasions.

However, after taking a sample and calculating the actual sample mean, X, we can

say that we are 90% confident that the interval {X—D,X+ D} contain the (unknown)

population mean, u.

The width of the confidence interval 2D depends three factors:

0] The level of confidence, that is, 90%, 95% or 99%. The interval for 99% being
far wider than that for 90%.

(i)  Thevariability in the underlying distribution, o, the greater the variability the
wider theinterval.

(iif)  The number of observation in the sample, n, as this effects the standard error
of the sample mean, o/ Jn, as n increasss the standard error of the sample

mean falls and hence the interval narrows. (Question (1) in Examples)
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2.1 Variants of this basic confidenceinterval case:

(1) Suppose now that X,, X,,..., X, denote arandom sample of n observations from a
distribution which is NOT NORMAL, with an unknown mean, p, but the population
variance is KNOWN, &2. If nislarge enough (n>30) then by appedling to the central
limit theorem (CLT) we can say that

X~ N(u,62/n)

in which case, the 100(1- )% confidenceinterval is still written as:

X+ za,z(a/\/ﬁ) , Where z_,, isthecritical value from aN(0,1).

(2) In the previous casg, if the o is UNKNOWN, then if n>30 XiN(y,szln) the
confidence interval is written as X+z,,,(s,/~/n), where z,,, is the critical value
from aN(0,1) (Question (2) in examples).
(3) A specific example of the previous caseis when X, X,,..., X,, denotes a random
sample from aBernoulli (NOT NORMAL) distribution, that is,

X ‘ 0 1

Pr(X) ES p
E(X)=p and V(X)= p(1-p)

with a unknown mean, p(=p), and an unknown population variance, o?(=p(1-p)).

Then if n>30 by a CLT )?iN(p, p(l- p)/n) in which case, the 100(1-c)%
confidenceinterval is written as: p+z,,,(\/pL— p)/n) (Question (3) in Examples).

(4) Suppose now that X,, X,,..., X, denote arandom sample of n observations from a
distribution which is NORMAL, with a unknown mean, p, and an UNKNOWN &2,
X-u
Sy /\n

X +t%'2(s, /~/n), where t2/Z is the critical value from at-distribution with n-1 degrees

Then:

~t,, inwhich case, the 100(1-«)% confidenceinterval iswritten as:

of freedom. (Question (4) in Examples).
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3. Confidence Interval for the differencein means

3.1 Independent samples:

Assume we have two independent samples of size, ni and n2, on X1 and Xo,
respectively. The sample means are X, and X,: E(X,—X,)=u,—u, and

2 2
V(X,-X,)= %+% . If the underlying distribution of X; and X, are normal and the
2

2 2
population variances are KNOWN, then: X, - X, ~ N(yl—yz,al+62j and the
n n

2

Gz 0'2
confidenceinterval for p, —p, is: (X, -%,)+z,,, {%LZ}
n2

3.1.2 Variants on the ClI for the difference in means (independent samples)

(2) If the underlying distributions are NOT NORMAL and the population variances
are KNOWN, providing n >30 and n,>30, then from a CLT the ClI is:

2 2
X —X 01, 0s
X-%)tz,, |:nl+n2:|'

(2) If the underlying distributionsis NOT NORMAL and the population variances are
UNKNOWN, providing n, >30 and n,>30, then from a CLT the CI is

(XR-%)*Z,, {i%f‘?} (Question (6) in Examples)

(3) Differencein sample proportions, applying CLT we get Cl:

(p—p)* za,z\/[ f’l(lr; B, f’z(ln; pz)} (Question (7) in Examples)

(4) If the underlying distribution are NORMAL, and the population variances are

UNKNOWN (and EQUAL), the Cl is: (%~%)%t,., 5.1 [§+ﬂ where,

n,

_1s? 2_1 2
Séz(nl )s, +(n, -Ds,

h+n,—2 (Question (8) in Examples).
, —
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(5) If the underlying distribution are NORMAL, and the population variances are

2

Se

n,

UNKNOWN (and UNEQUAL), the Cl is (% —%,)*tor E+ } where,

[sfllnﬁsfz/nz}2
(S/n) 1 -0+(2/n,) 1 (n,-D)

DoF = (Question (9) in Examples).

Appendix 2 is areference table for the different confidence interval formulas.
3.2 Matched pairs

Again we are interested in formulating the confidence interval for p, —p,,
however, in this case, the two experiments are with the same sample of individuals
and cannot therefore be independent. Given the outcomes of the two trials for the
same population we form the difference in the outcomes of the two random variables,
that is, D = X, — X, . For agiven sample,

n n

d1:X11_X§17d2:X12_X22r d3=Xl3—X§,...dn:X1—X2

dl Z(d| _a)z
we calculate d = i:ln and s :i:lil' If the underlying distributions of X1

and Xz are normal, the 100(1— )% confidence interval is written as

d +t2(s, /\/n).

Handout 8

4. Confidence I nterval for the variance of a distribution

Similarly to producing confidence intervals for the population mean, we wish
to produce an interval estimate of the population variance on the basis of a sample of

data. To formulate a confidence interval the random variable, X, MUST be normally

(n-Ds; _ »
O_z n-1°*

distributed. In which case, w=

NoW, Pr{z2, e <W< 27 1005f =0.90. Note that for a y* distribution, a

symmetric confidence interval does not necessarily minimise the range — in particular,
asmaller range will be obtained by having only 1% in the l€ft tail and 9% in the right
tail for a 90% confidence interval (see Figure 4). Substituting for w and rearranging

gives:

n-1 .
Pr{ X0 < (n-Ds, < X:—LO‘OS} =0.90. Rearranging, we get:

2
e}

2 2 2 2
PI’{ Xn-1085 <i< Xn100s }:Pr{(nz—l)sx <Gz<(n2—1)5x}=o_90

2
Xn-1,005 Xn-1,095

(-0 o (DS

Figure 5 compares the distribution of a2 to that of a 2 (Question (5) in Examples).
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Figure 2: Alternate 90% confidence interval for N(0,1)
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Figure 1: 90% Confidence interval for N(0,1) (symmetric)
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f(x)

f(x)

Figure 4: Confidence intervals for Chi-squared
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Figure 3: Confidence limits for a N(0,1)
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Confidence I ntervals— Examples

1. A personnel manager found that historically, the scores on aptitude tests given to applicants

are normal with a standard deviation of 32.4 points. A random sample of 9 scores produced a

11
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mean of 187.9 points. Based on these results a statistician found a population mean confidence
interval of 165.8-210.0 points.
(&) Find the probability of thisinterval.
(b) Find an 80% confidence interval for the population mean score.
Answer
The underlying distribution is normal with a known population variance, therefore the distribution of

the sample mean will be normal:
X ~N(u,0%/n)= X ~N(u,32.4°/9)

@  Now, 187.9-7,, (%4) <u<1879+z,, [%4] =165.8< 11 <210.0

D=21=7, [%4] =4221= 7, =+2.046 = ot/ 2 = 0.0204

o =0.0408=Cl is 95.92%

(b) To construct an 80% confidence interval we need to find apoint Z, ,,, such that:

P(Z>2,,)=al2=010= z,,, =128

Therefore the 80% confidence interval is:
- o - o
X=Zy1o—=SHUSX+2Zy0—F+—
.10 \/ﬁ .10 \/ﬁ
where X =187.9.
The required 80% confidence interval is therefore:

187.971.28(%j Sus< 187.9+1.28(£3'4j =174.05< 4 <201.75

and thisis our 80% confidence interval for the population mean rating.

2. A random sample of 125 economics students were asked to rate the importance of particular
job characteristics on a scale from 1 (not important) to 5 (extremely important). For the
question on job security the sample mean rating was 4.18 and the sample standard deviation
0.80. Find a 99% confidence interval for the population mean.

Answer
The underlying series has outcomes taking one of five integer values between 1 and 5. The distribution
cannot therefore be normal. Nevertheless the distribution of the sample mean will be approximately

normal as n—oo. In particular:
X —N(u, % /ny= X —N(u,0.64/125)

To construct a 99% confidence interval we need to find apoint Z ,,, such that:

12
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P(Z>2z,,)=al/2=0.005= 7,,, = 2.575
Therefore the 99% confidence interval is:
S S
X— — < pu<X+ —_
25005 \/ﬁ H Zo.005 \/ﬁ

where X =4.18.
The required 99% confidence interval is therefore:
0.80

0.80
<u<418+2575 — | =3.996< 1 <4.364
«/_125J H (lesj g

and thisis our 99% confidence interval for the population mean rating.

4.18- 2.575(

3. A random sample of 850 voters were asked, “If there was a referendum tomorrow on Britain
joining the ERM, how would you vote?’ 391 voters reported support for Britain joining the
ERM. Find a 95% confidence interval for the population proportion of all voters supporting
Britain joining the ERM.
Answer
While the underlying series follows a Bernoulli trial and hence the distribution cannot be normal, the
distribution of the sample mean (sample proportion) will be approximately normally distributed as

n—oo. In particular:

X — N(p, p(L— p)/n) = X — N(p, (0.46)(0.54) / 850)
To construct a95% confidence interval we need to find apoint zZ _,,, such that:

P(Z>2,,)=al2=0025= 7, =196

Therefore the 95% confidence interval is:

R / 1-p R p-p
P=Zy025 Qspg P+ Zy025 M

where p=0.46.

The required 95% confidence interval is therefore:

0.46-1.96, (Mj <p<0.46+1.96 (Wj = 0.426<p<0.493
850 850

4. GAP isinterested in the expenditure on clothes of university students in the first month of the
academic year. For arandom sample of 15 students, the mean expenditure was £89.56 and the
sample standard deviation was £20.13. Assuming that the population distribution is normal,
find a 95% confidence interval for population mean expenditure.

Answer

The underlying series has anormal distribution, but the population standard deviation is unknown.
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X ~N(u,0°/n) = (X-p) _ N(0,1)

a/\/ﬁ

we aso know that
(n-Dsi .2
2 anl
o

the greater uncertainty associated having to use the sample variance as opposed to the unknown

population variance, means that

X-m) _,
SX/\/E n-1

To construct a95% confidence interval we need to find apoint t, ,,,, such that:

Pty >ty ,,) =al/2=0025=1,,, =2.145

Therefore the 95% confidence interval is:

— S _ S
X =Y, 005 ﬁ SpUSX+t, 00 ﬁ

where X =89.56 and s=20.13.
The required 95% confidence interval is therefore:

20.13

15

J < pu<89.56+ 2.145(%J = 78.41< 11 <100.71.

NIt

89.56—2.145(

5. A random sample of 15 financial analysts' forecasts of next years' earnings per share for a
large corporation was taken. The sample standard deviation was £0.88. Find a 95% confidence
interval for the variance of predicted earnings per share for all analysts.

Answer
Assuming the underlying distribution of predicted earnings per share is normal. Then the sample
variance of the predicted earnings will follow a chi-squared distribution.

n-1s2
( z)sx ~lril
c

To construct a 95% confidence interval we need to find athe points j 1 and ;(i /2 Such that:
Pt aro > Xoa > Xerp) =1 2=0.025=> x50 = 26.12= y4o7 =5.63
Therefore the 95% confidence interval is:

(n-1< col< (n-1<
2 - - 2

Xoozs Xoors

where 8% = 0.88.
The required 95% confidence interval is therefore:

14
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14088)° _ _, _14(0.88)

= 0.415<0%<1.925

2612 =~ 563

6.

Independent samples of Vice-Chancellors (VCs) and Chief Executive Officers (CEOs) in
large private companies were asked the importance of salary to their job satisfaction on ascale
of 1 (not important at all) to 10 (the most important aspect). A random sample of 42 VCs had
a mean rating of 4.01 and sample standard deviation of 1.2. For an independent random
sample of 68 CEOs the mean rating was 5.43 and a sample standard deviation of 1.7. Find a
95% confidence interval for the difference in the population mean responses.

Answer

The underlying series has outcomes taking values between 1 and 10. The distribution cannot therefore

be normal. Nevertheless the distribution of the sample mean will be approximately normal as h—o. In

particular:

X, > N(, S /1) = X, —> N(, 1441 42)

X, 5> N(t, 5% ;) = X, > N(1,,2.89/68)

and

X, - X

To const
P(Z >
Therefor

(xR -%

a s s _ _ a
,—N ,ul—,uz,E+n—2 = X, — X, > N(u, — 1,,0.0768)

2
ruct a 95% confidence interval we need to find apoint Z ,,,, such that:

z,,)=al2=0025= z,,. =1.96

e the 95% confidence interval is:

S, S o 5
)= Zooas E"'nizg,ul_ﬂzg()ﬁ_xz)"'zo.ozs %+n§2

where X, — X, =-1.42.

The required 95% confidence interval is therefore:
-1.42-1.96(0.277) < p, — p, <-1.42+1.96(0.277) = —-1.963< i, — u, < -0.877.

7. Of arandom sample of 150 Economics students 105 said that teaching as a career was very
unappealing. For an independent sample of 120 English Literature students 72 had the same
reaction to teaching as a career. Find a 95% confidence interval for the difference between the
population proportions regarding teaching as an unappealing career.

Answer

The underlying series follows a Bernoulli trial and hence the distribution cannot be normal, however,

the distribution of the sample mean (sample proportion) will be approximately normally distributed as

n—oo. In particular:

15
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XIA)N(pll ﬁ1(l_ f’l)/nl) and XZA)N(pzv ﬁz(l_ f)z)/nz)
implying:

n n

To construct a 95% confidence interval we need to find apoint Z ,,, such that:

P, P~ ﬁz)D

P(Z>2,,)=al2=0025= 7,,, =196

Therefore the 95% confidence interval is:

— B(L-p) bz(l—ﬁz)J< e s \/[fala—m @(1—@)}
(% -%) Zo.ozs\/( n + n, SP—P S (%) + Zygs n + n,

The required 95% confidence interval is therefore:
0.1-1.96(0.0583) < g1, — 1, < 0.1+1.96(0.0583) = —0.014< p, — p, <0.214.

8. A researcher intends to estimate the effect of a drug on scores of human subjects performing a

task of psychomotor coordination. The members of arandom sample of 9 subjects were given
the drug prior to testing, their mean score was 9.78 and the sample standard deviation was 4.2.
An independent sample of 10 subjects were given a placebo prior to testing, the mean score
for this group was 15.10 and the sample standard deviation was 5.2. Assuming the population
distributions are normal, find a 90% confidence interval for the difference in the population
means.

Answer

The underlying series has a normal distribution, but the population standard deviation is unknown,

assuming they are equal:

Xl - N(,ul,GZ/nl) and )zz - N(;umazlnz)

implying:

S o 1 1
X=Xy~ N[’ul_’uz’az|:nl+nz}]

we aso know that

(n,+n,—2)s;
2

2
= Xryn,-2
P N+

the greater uncertainty associated having to use the sample variance as opposed to the unknown

population variance, means that
(Xl_)zz)_(ﬁﬁ_ﬂz) ~t

n+np-2
Nex
nn

16
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-1 -1
where &7 = n :Hsf;:(r_‘zz )S, , & =42% and & =5.2°.
g

To construct a 90% confidence interval we need to find apoint t,, ,,,, such that:

Pty >t,,,,)=al2=005=1t,,, =174

Therefore the 90% confidence interval is:

1 1 1 1
% —%.)—t /i o< - < (X —-% i
(% =%) — 70055 n + n, Sy =iy S (X —%) +y 005, n + n,

where X, —X, = —5.32 and s=4.7557.

The required 95% confidence interval is therefore:

1 1 11
—5.32—1.74(4.7557), | =+ — < p, — i, < —-5.32+1.744.7557), | =+ —
( ) ot Stk ( ) 910

= -9.121< y, — 1, <-1.519.

17
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9. A researcher intends to estimate the effect of a drug on scores of human
subjects performing a task of psychomotor coordination. The members of a
random sample of 9 subjects were given the drug prior to testing, their mean
score was 9.78 and the sample standard deviation was 3.2. An independent
sample of 10 subjects were given a placebo prior to testing, the mean score for
this group was 15.10 and the sample standard deviation was 7.2. Assuming the
population distributions are normal, find a 90% confidence interval for the
difference in the population means.

Answer

The underlying series has a normal distribution, but the population standard deviation

is unknown:

X, ~ N(,ul,af1 /n) and X, ~ N(,uz,af2 In,)

implying:

- = ol o
X=X, ~ N[F‘lﬂzr{r:+ n?D

The greater uncertainty associated having to use the sample variance as opposed to
the unknown population variance, means that

[322/9+7.22/10]
(32219)" 18+(7.22/10) 19

(Xl_ Xz) _(.ul_.uz)
)
n o

To construct a 90% confidence interval we need to find a point t,, , ,, such that:

~tper » Where DoF = =12.70.

Pty >ty,0) =a/2=0.05=1,,, =1.782

Therefore the 90% confidence interval is:

o fi g o s, s
—%)—t X oy o < (X — B W N h
(X =%) — 00 n + n, S, (%) 00 n + n, wnere

X — X, =-5.32.

The required 90% confidence interval is therefore:

2 2 2 2
-5.32-1.782 /£+E < —u,<-532+1.782 £+E
9 10 9 10

= -9.800< 11, — 1, <-0.839

Confidence I ntervals Sheet

18
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Confidence Intervals for Means

Parameter Distrib. of X Sample Variance Confidence Interval
One Population
u Normal Large/Small Known X-2z 9 < HEX+Z g
~ “al2 T =H= wl2 T
n n
v _tai2_S v a2 S
u Normal Large/Small Not Known X—1"7 T Spus<X+t —
n n
u Non-Normal Large Known X-z 9 < HE<X+Z g
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STATISTICAL TECHNIQUESB
Nonparametric Tests

1. Introduction

In Handout 8 (Hypothesis Testing) a number of our tests were reliant on the
assumption of normality of the underlying distribution of Xi. For example, we learnt
that if the underlying distribution is normal: (i) and the population variance is known
the distribution of the resultant test statistic of the sample mean would be normal; (ii)
and the population variance is unknown the distribution of the resultant test statistic of
the sample mean would be a t-distribution. By virtue of a Centra Limit Theorem, the
distribution of the test statistic of the sample mean will be approximately normal, in
large samples, even if the population distribution is not normal. So for example, we
might have: The Thomas Pink Gold Cup (held in November) and the Cheltenham
Gold Cup (in March) are 2-mile National Hunt jumps races for horses at Cheltenham
Racecourse. The same nine two-year old horses were timed in each race of these races

and we are interested in testing the hypothesis H, : 11, =0 (mean time difference is

zero) against a 2-sided aternative at the 5% significance level. The times taken were
as follows (in minutes):
PARAMETRIC TEST

Thomas Pink 81 82 80 80 84 86 85 84 89
Cheltenham 83 84 83 85 85 82 89 85 90
Difference -02 -02 -03 -05 -01 +04 -04 -01 -01

Matched pairs. X, =—-0.167,s,=0.255 if underlying distribution is normal

then X, ~ N(u,,02/n) and with ¢ unknown we have: Xd:““ ~t,,. In which
s;/n
case: Pr(tnl < (_0167_0)] =Pr(t,, <-1.960)=0.043 and for a 2-sided test this
0.255°/9

probability is 0.086 and we do NOT reject Ho.

However, it often is the case that the normality assumption is not reasonable and/or
the sample sizeis not large. In these cases it is desirable to base inference on tests
which are valid over awide range of distributions of X; (although they do require
certain assumptions to be valid, e.g. independent random samples). These tests are

often referred to as nonparametric tests.
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2. Sign Test (Wilcoxon)
Thisisthe simplest test to undertake and is used for testing hypotheses about the

central location of a population distribution. Thisis most frequently used in analysing
matched pairs data and is based on assigning asign (plus(+) if the original sample
valueis greater than the subsequent sample value and minus(-) if the original sample
valueis less than the subsequent sample value and O if the two values are equal). The
null hypothesis is that in the population the two values have the same mean. In
undertaking this test we discard the O values, i.e. those individuals who did not have a
strictly higher value in one sample compared to the other.

Based on the reduced sample of n observations, for which there was a preference
stated, under the null hypothesis the number of + and - values should be arandom
sample from a population in which the Pr(+)=0.5 and the Pr(-)=0.5. Consider only +
values and denote p as the true proportion of +'sin the population, then

H,: p=0.5and thedistribution for the number of say W (the number + values)
follows aBinomial distribution, W~B(n,0.5) . For an alternative hypothesis

H,: p<0.5(p>0.5), wewant Pr(W <w) (Pr(W >wj)), for a1-sided test and for an
alternative hypothesis H, : p= 0.5, wewant 2x Pr(W <w) (see example 1)
W/n-05

Note that for large n (>25) W/ n~N(0.5,0.25/ ) = Toge s ~NOD (e
example 2).
Thoms Pink 81 82 80 80 84 86 85 84 89
Cheltenham 83 84 83 85 85 82 89 85 90
- - - - - + - - -

Pr(w <1) = ,C,(0.5)° + ,C,(0.5)° = 0.020 and for a 2-sided test this probability is
0.040 and we reject Ho.
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3. Wilcoxon Signed Rank Test
The problem with the Sign Test is that it only uses a very limited amount of

information (namely the sign of the difference) and therefore ignores the strength of
preference of one value over the other. As aresult the test can lack power in small
samples. The signed rank test, uses not only the sign, but also the magnitudes of the
differences. Thistest is also applied to matched pairs and is testing the null hypothesis
H,: 1y =0, where y, isthe population mean difference in scores across the matched
pairs. Aswith the Sign Test differences of 0 are ignored. The nonzero absolute
differences are then ranked in ascending order of magnitude (where equal values are
assigned the average rank). The ranks of positive and negative differences are then
summed separately as W, = igﬁﬁR and W = igﬁi’R , Where

i=1 i=1

1 if diff iti 1if diff ati
_ |1 if differencepositive | |1 if difference neg IveandRistherankof

.
9 0 otherwise’ ' 0 otherwise

the absolute value of the difference in the scores for the i value.

We denote the Wilcoxon signed rank test as T = min(W, ,\W_) . For a1-sided
alternative hypotheses H, : y1; <O(H, : 1y > 0), youwant Pr(T <t), but for a2-sided
alternative hypothesis H, : p4 = 0, youwant 2x Pr(T <t) and for small samples

these probabilities are based on critical values reported in the Table below.

Under the null hypothesis that the true population difference in scores across the
matched pairsis zero, it can be shown that:

e =MD vy = MOEDCIED o for 1525 then
4 24

TiN n(n+l)’n(n+1)(2n+l) and therefore T—n(n+1)/4 iN(O,l) (see
4 24 Jn(n+1(2n+1)/ 24

example 4).
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Table 1: Critical values of the Wilcoxon Signed Rank Test (n<30)

1-tailed a=0.05 | a=0.025 | a=0.01 | a=0.005
2-tailed a=0.10 a=0.05 a=0.02 a=0.01

n

6 2 0 - -
7 3 2 0 -
8 5 3 1 0
9 8 5 3 1
10 10 8 5 3
11 13 10 7 5
12 17 13 9 7
13 21 17 12 9
14 25 21 15 12
15 30 25 19 15
16 35 29 23 19
17 41 34 27 23
18 47 40 32 27
19 53 46 37 32
20 60 52 43 37
21 67 58 49 42
22 75 65 55 48
23 83 73 62 54
24 91 81 69 61
25 100 89 76 68

Thomas Pink 8.1 8.2 8.0 8.0 84 8.6 85 84 8.9

Cheltenham 83 84 83 85 85 82 89 85 90
Difference 02 02 -03 05 -01 +04 -04 -01 -01
Rank ()45 ()45 (6 ()9 ()2 (75 ()75 (2 ()2

W =375, W, =75,s0 T =75 and this is greater than the critical value 5 and so

we do not reject Ho.
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4. Mann-Whitney Test

This test compares the central location of two populations, but in this case the samples

come from independent random samples. Suppose that n; observations are available
from the first population and n2 from the second. All observations (ni+ ny) are then
ranked in ascending order of magnitude (where equal values are assigned the average
rank) and we denote R; as the sum of ranks of observations from the first population.
The Mann-Whitney test is then defined as:

U=npn, +7”1(”12+1) -R

In which case:

EU) =% andvu)— Mt +D
2 12

and for relatively large samples (n>25) U iN %W implying
n
——£ __~N(03).
nn,(n +n,+1)
12
82 80 80 84 86 85 84 89
80 81 82 84 84 85 8.6 89
15 3 45 9 9 125 15 16.5

wherered is Thomas Pink and Green is Cheltenham. Ri=72.5, in which case:
U=81+45-72.5=53.5. We know, E(U) = 40.5 and VV(U) = 128.5. In which case

v128.5

0.250, in which case we do NOT reject Ho.

Pr(z> wj =Pr(z>1.148)=0.125 and for a2-sided test this probability is
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5. Goodness-of -fit test

Suppose that we are given arandom sample of n observations, each of which can be
classified into exactly one of K categories. Denote the observed number of casesin
each category as O,, 0,,0;,...,0, . If anull hypothesis (H,) specifies probabilities
P, P, Ps.--., P fOr an observation falling into each of these categories, the expected
numbersin each category, under H,, would be E, = np, i=212,...,K)
We then test whether the actual datais a closefit to the expect data (based on some
assumed population distribution for probabilities) — and thisis done by looking at the
magnitude of the discrepancy between the observed and expected values. Where large
(absolute) values ought to make one increasingly suspicious of the null hypothesis.
The test is constructed as (see Appendix 1 for a proof of this equivalence):

K O K 2 )
;( _E) Z X

2
And Ho isrejected at significance leve «, if Z( E.E) >X(2K71)Yn.(seeexample6)

i=1

In November 2009, leading Economists were asked about inflation expectations for
December 2012. The results showed that 10% thought inflation would be <1%, 40%
thought inflation would be 1-2%, 40% thought inflation would be 2-3% and 10%
thought inflation would be >3%. In November 2011, 40 Economists reported their

inflation expectations for December 2012 as follows:

Range <1% |1-2% | 2-3% | >3%

Frequency | 2 10 18 10

Test the hypothesis the distribution has not changed.
Range <1% 1-2% 2-3% >3%
Frequency | 2 10 18 10

Expected | 0.1¥*40=4 | 0.4*40=16 | 0.4*40=16 | 0.1*40=4

2 10° 18 107
+—-40=125, =7.81 and so wergject Ho.
AR RET I Haoos gect Ho
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6. Contingency Tables

Suppose we have two attributes A and B. There are K categoriesin Aand H in B so
that there are KH cross-classifications in total. The number of sample observations

belonging to the i category of A and the | category of B is denoted as O, and there

are n observationsin total. To test the null hypothesis of no association
(independence) between the two attributes, we want to know how many observations
were would expect to find in each cross-classification. Under the null hypothesis of
independence between the two attributes A and B we know that the joint probability
('p;) isequal to the product of the marginal probabilities ( p..p; ), in other words:

p, =Pr(A=i,B=j)=Pr(A=i).Pr(B=j)=p.p; .
H K

Now p =Pr(A=i)=> Q;/n and p, =Pr )=>_0Q,/n.Inwhich case
j=1 i=1

under the null hypothesis of independence the expected number of observationsis
H K
=np, = ZOJZO”. In.
j=1 i=1

We then test whether the actual datais aclosefit to the expect data and thisis done by
looking at the magnitude of the discrepancy between the observed and expected
values. Where large (absolute) values ought to make one increasingly suspicious of
the null hypothesis. The test is constructed as:

K H(Ol'_Ei’)z K H02
DD ==Y D N Xy
=1 j-1 E” =1 j-1 E.J
K H ( )2
And Ho is rejected at some significance level o, if Y > ~——~ i > X et -

=1 j-1

(seeexample 7)
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50 leading Economists were asked about inflation expectations for December 2012 in both
November 2009 and in November 2011 and the results were reported as follows:

Nov 2009

<1% |1-2% | 2-3% | >3%

<1% |2 0 1 0

Nov |1-2% |4 8 1 0
2011 | 2-3% |2 8 12 0
>3% |2 2 2 6

Test the hypothesis that there is no association between these two series.

Nov 2009
<1% |1-2% |2-3% | >3%
<1% |2 0 1 0 3
Nov |1-2% |4 8 1 0 13
2011 [ 2-3% |2 8 12 0 22
>3% |2 2 2 6 12
10 18 16 6 50
Therefore under independence
P(<1%<1%)_1—0 3_30 _0012 P(<1%,1- 20/)_1—O 18_1%0 _ =0.052
50 50 2500 50 50 2500 ,
P(<1%,2- 30/)_1—O 2_ @_0088 P(<1%>3%)_E 12_120 _ =0.048
50 50 2500 50 50 2500
P(1—2%,<1%):Exi=i—00216 P(1-2%,1- 20/)_E 13_234 =0.0936
50 50 2500 50 50 2500 '
P 2%,2-3%) = 22 _ ﬁ_01584 P 2%,>3%) = 512 _ 218 _ (g4
50 50 2500 50 50 2500
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P(2-3%, <1%)_l—‘3 3. £_00192 P(2-3%,1-2%) = 16 13 _ 208 =0.0832
50 50 2500 50 50 2500 )
P(2-3%,2- 3%)—1—6 22_ E—01408 P(2- 3%>3%)—l—6 2_ £—0.0768
50 50 2500 50 2500
P(> 3%, <1%)_— 3—£_0.0072 P(>3%,1 2%)—E B__® =0.0312
50 50 2500 ) 50 50 2500 )
P(>3%,2 3%)_E 22_ E—00528 P(> 3%, >3%)_E 2_ 7—2—0.0288
50 50 2500 50 50 2500
Expected numbers
Nov 2009
<1% 1-2% 2-3% >3%
<1% | 0.012x50=0.6 | 0.0216x50=1.08 | 0.0192x50=0.96 | 0.0072x50=0.36 | 3
Nov | 1-2% | 0.052x50=2.6 | 0.0936x50=4.68 | 0.0832x50=4.16 | 0.0312x50=1.56 | 13
2011 | 2-3% | 0.088x50=4.4 | 0.1584x50=7.92 | 0.1408x50=7.04 | 0.0528x50=2.64 | 22
>3% | 0.048x50=2.4 | 0.0864x50=4.32 | 0.0768x50=3.84 | 0.0288x50=1.44 | 12
10 18 16 6 50

22 2 & 42 . 22 22 02

g & 2
+ ——t—

r r 122 2 0
+ —+

06 26 44 24 108 468 792 432 096 416 704 384 036

¢ 0 6
+ +
156 264 144

-50=35.86

Xeoos =16.92, therefore we reject Ho.
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Equivalence of Contingency Tests

S Q-E) $~O'+E'-20E :Z[%+5720|]

i=1 E| i=1 E| i=1

10
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Non-Parametric Test Examples
A random sample of twelve financial analysts was asked to predict the percentage
increases in the prices of two common stocks over the next year. The results
obtained are shown in the table below. Use the sign test to test the null hypothesis
that for the population of analysts, there is no overall preference for one stock
over the other:

Analyst | Stock1 |Stock2 |Analyst | Stock1 | Stock 2
A 6.8 7.1 G 9.3 10.1

B 9.8 12.3 H 1.0 2.7

C 21 53 | -0.2 13

D 6.2 6.8 J 9.6 9.8

E 7.1 7.2 K 12.0 12.0

F 6.5 6.2 L 6.3 8.9
Answer

H,:p=05

H,: p=05

n=11 with 1 + value and 10 — values, we want
2x Pr(W <1) = 2x[Pr(W = 0) + Pr(W =1)] = 2x[0.0005+ 0.0054] = 0.0118

and so we reject HO at significance levelsin excess of 1.18%.

In arandom sample of 130 voters, 44 favoured tax increases to raise funding for
education, 68 opposed the tax increase, and 18 expressed no opinion. Test against
a2-sided aternative the null hypothesis that voters in the state are evenly divided
on theissue of atax increase.

Answer

H,:p=05

H,:p=05

n=130-18=112, W/n= p=44/112=0.3929

. 0.3929-0.5 _

+0.25/112

—2.27

11
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p-value=2[1-®(2.27)]=0.0232 and so we reject Ho at significance levelsin excess
of 2.32%

Using the datain (1), test the null hypothesis that for the population of analysts,
there is no difference in the mean performance of one stock over the other, using
the Wilcoxon Signed Rank Test.

Answer

Hy:pyg =0

H,ipy =0

n=11 with 1 + value and 10 — values, we want:

Analyst | Stock1 | Stock2 | Stk1-Stk2 | ¢*R &R

A 6.8 7.1 -0.3 35

B 9.8 12.3 -25 9

C 2.1 5.3 -3.2 11

D 6.2 6.8 -0.6 5

E 7.1 7.2 -0.1 1

F 6.5 6.2 +0.3 35

G 9.3 10.1 -0.8 6

H 1.0 2.7 -1.7 8

[ -0.2 1.3 -15 7

J 9.6 9.8 -0.2 2

K 12.0 12.0 0.0

L 6.3 8.9 -2.6 10
35 125.5

From this we have T=3.5, with critical value of 10 (at the 5% significance level
for a2-sided test), we reject Ho.

A consultant id interested in the impact of the introduction of aquality
management program on job satisfaction of employees. A random sample of 30
employees was asked to assess level of satisfaction on ascale of 1 (very
dissatisfied) to 10 (very satisfied) 3 months before the introduction of the
program. These same individuals were then asked to make this assessment again 3
months after the introduction of the program. The 30 differences in the pairs of
rating were cal culated and the absol ute differences ranked. The smaller of the

12
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rank sums, which was for those more satisfied before the introduction of the 6. A random sample of 520 customers were asked about the importance of quality of

program was 169. What can be concluded from these findings? food as afactor in choosing a hospital. Sample members were asked to respond as

Answer “not important”, “important”, or “very important”. Respective numbers selecting
Ho:py =0 these answers were: 199, 136 and 167. Test the null hypothesis that arandomly
H,:p, <0 chosen consumer is equally likely to select each of these answers.

1+Md
30(31) 30(31)(61) Ansier
T=169, B(T)=—,—=2825V(T)=—— — = 236375 H, : All outcomes equally likely
_ % — ~1.31= pvalue=1-0(1.31)=0.0951 and so we reject Ho at H, - otherwise
23635 Not imp Imp Very imp Tota
significance levels in excess of 9.51%. Observed 199 136 167 502
Prob (under Ho) 0.333 0.333 0.333 1
Expected number 167.33 167.33 167.33 502

A random sample of 15 male and an independent random sample of 15 female
students were asked to write essays at the conclusion of their writing module.
Essays were then ranked from 1 (best) to 30 (worst) by the module leader as:

Maes |26|24|15|16|8 |29|12|6 |18|11|13|19|10|28 7

Females | 22 |2 |17|25|14|21|5 |30|3 |9 |4 |1 [27]23|20

K 2 2 2 2
9 _ 502= 199 136 + 167 __ 502 =11.86
= E 167.33 167.33 167.33

Xoo = 9-21= Reject H, at 1% signficance level.

Ansiver In a series of surveys, 55 forecasters were asked whether they thought inflation
Nn=15, Re=242, n=15 R=223. would increase over the next 12 months from its current level. It was also noted
Hoipg =0 whether or not actual inflation increased. The results are reported in the table
Hytpg =0 below:
15(16
U =1505)+ 20 202108 Outcome Forecast
Increase No increase

EU) =289 1405 vu) - BIISHISHD _ gy o Increase 18 1

2 12 No increase 6 20

103-1125 Test the null hypothesis of no association between forecast and outcome.

z=""_""""— _0.39= p-value=2[1-$(0.39)]=0.6966 and so we reject Ho at

significance levels in excess of 69.66%.

13

H, : No association between forecast and outcome
H,: otherwise

Under Ho (independence) the probability of being in each category is:

14
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P(Increase, Increase) = 24 X x =0.230,
55 55

P(Increase, No Increase) = 2 X 26 =0.206,
55 55

P(No Increase, Increase) = ELX@ =0.297,
55 55

P(Increase, No Increase) = B—lxé =0.266,
55 55

and expected number of observationsin each category is:

Outcome Forecast
Increase No increase
Increase 0.230%x55 0.206x55 29
No increase 0.297x55 0.266x55 26
24 31 55
Outcome Forecast
Increase No increase
Increase 12.65 16.35 29
No increase 11.35 14.65 26
24 31 55
2 2 2 2 2 2 2
ZZ&* _ 18 " 11 n 6 " 20 _55_g48
i = 1265 16.35 11.35 14.65

Xioo = 6.63= Reject H, at 1% signficance level.

15



